


















































Solution / marking scheme

T1‒1
Solution / marking scheme – Characterizing Soil Colloids (10
points)
General rules
• In the following, “coefficients” refer to the numerical factors and do not include parameters.

General rules for carryover points
• No points inside a single question.

• Only wrong answers on the answer sheet are considered.

• Answers with wrong dimensions are not considered.

Part A. Analysis of motions of colloidal particles (1.6 points)

A.1 (total 0.8 pt)

( 0.4 pt)

𝑣0 = 𝐼0
𝑀

partial points� �
(0.2 pt) 𝑀𝑣0 = 𝐼0 (A.1.1)� �

( 0.4 pt)

𝜏 = 𝑀
𝛾

• 0.4pt if the answers are 𝑣0 = 𝑀/𝛾 and 𝜏 = 𝐼0/𝑀 .

partial points� �
(0.2 pt) 𝑀 ̇𝑣 = −𝛾𝑣(𝑡) (A.1.2)� �

A.2 (total 0.8 pt)

( 0.8 pt)

𝑣(𝑡) = ∑
𝑖 𝑠.𝑡. 0<𝑡𝑖<𝑡

𝐼𝑖
𝑀 𝑒−(𝑡−𝑡𝑖)/𝜏

• 0.4pt if 𝐼𝑖
𝑀 𝑒−(𝑡−𝑡𝑖)/𝜏 is written. The subscript can be any dummy variable used in the

summation symbol.

• 0.2pt if sum is taken (if Σ is written).

• 0.2pt if the range of sum is correct (equality can be included).
Other acceptable examples: ∑𝑖 ⋯ (𝑡𝑖 < 𝑡), ∑𝑛

𝑖=1 ⋯ (𝑡𝑛 < 𝑡) or (𝑡𝑛 < 𝑡 < 𝑡𝑛+1)
• Inequality on 𝑡 in the worksheet is not sufficient to give a point. It must be written as
the range of sum.

• 𝜏 = 𝑀/𝛾 can be substituted.
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Solution / marking scheme

T1‒2
Part B. Effective equation of motion (1.8 points)

B.1 (total 1.0 pt)
Usable letters: 𝐶, 𝛿, 𝑡

( 0.5 pt)
⟨Δ𝑥(𝑡)⟩ = 0

( 0.5 pt)
⟨Δ𝑥(𝑡)2⟩ = 𝐶𝛿𝑡

partial points� �
(0.3 pt) Δ𝑥(𝑡) =

𝑁
∑
𝑛=1

𝑣𝑛𝛿 (B.1.1)

• 0.2pt if 𝛿 is missing.

(0.2 pt) ⟨Δ𝑥(𝑡)2⟩ =
𝑁

∑
𝑛=1

𝐶𝛿2 = 𝑁𝐶𝛿2 = 𝐶𝛿𝑡 (B.1.2)

• 0.2pt only if 𝐶𝛿𝑡 is written. 0.1pt if only ∑𝑁
𝑛=1 𝐶𝛿2 or 𝑁𝐶𝛿2 is written.� �

B.2 (total 0.8 pt)

( 0.4 pt)
𝛼 = −1

( 0.4 pt)
𝛽 = 1
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Solution / marking scheme

T1‒3
Part C. Electrophoresis (2.7 points)

C.1 (total 0.7 pt)
Usable letters: 𝑣, 𝛿, 𝑝(𝑣), 𝑛(𝑥0), 𝑑𝑛

𝑑𝑥 (𝑥0)

( 0.7 pt)

𝑗𝐷(𝑥0, 𝑣) = −𝑝(𝑣)𝑑𝑛
𝑑𝑥(𝑥0)𝑣2𝛿

partial points� �
(0.5 pt) 𝑗+(𝑥0, 𝑣) = 1

𝛿 ∫
𝑥0

𝑥0−𝑣𝛿
𝑝(𝑣)𝑛(𝑥)𝑑𝑥 ≃ 𝑝(𝑣) [𝑛(𝑥0)𝑣 − 1

2
𝑑𝑛
𝑑𝑥(𝑥0)𝑣2𝛿] (C.1.1)

𝑗−(𝑥0, 𝑣) = 1
𝛿 ∫

𝑥0+𝑣𝛿

𝑥0

𝑝(𝑣)𝑛(𝑥)𝑑𝑥 ≃ 𝑝(𝑣) [𝑛(𝑥0)𝑣 + 1
2

𝑑𝑛
𝑑𝑥(𝑥0)𝑣2𝛿] (C.1.2)

• 0.5pt if either the rightmost result of (C.1.1) or (C.1.2) is written.
(reduced to 0.3pt if 𝛿 or 𝐴 or both are multiplied unnecessarily)

• 0.3pt if only the intermediate equation (the one with integral) in (C.1.1) or (C.1.2) is written.
(reduced to 0.2pt if 𝛿 or 𝐴 or both are multiplied unnecessarily)

• 0.3pt if 𝑗±(𝑥0, 𝑣) = 𝑝(𝑣)𝑛(𝑥0 ∓ 𝑣𝛿/2)𝑣 is written instead of the integral.
(reduced to 0.2pt if 𝛿 or 𝐴 or both are multiplied unnecessarily)� �

C.2 (total 0.5 pt)
Usable letters: 𝐶, 𝛿

( 0.3 pt)

𝐷 = 1
2𝐶𝛿

• 0.2pt if the coefficient is wrong.

partial points� �
(0.2 pt) 𝐽𝐷(𝑥) ≃ −1

2
𝑑𝑛
𝑑𝑥(𝑥)𝐶𝛿 (C.2.1)

• 0.1pt if the sign or the coefficient is wrong.� �
Usable letters: 𝐷, 𝑡

( 0.2 pt)
⟨Δ𝑥(𝑡)2⟩ = 2𝐷𝑡

partial points� �
• No point if the answer includes 𝐶 or 𝛿.� �
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Solution / marking scheme

T1‒4

C.3 (total 0.5 pt)
Usable letters: 𝑛(𝑥), 𝑇 , 𝑄, 𝐸, 𝑘

( 0.5 pt)
𝑑𝑛
𝑑𝑥 = 𝑛(𝑥)

𝑘𝑇 𝑄𝐸
partial points� �

(0.3 pt) Π(𝑥)𝐴 + 𝑛(𝑥)𝐴Δ𝑥𝑄𝐸 = Π(𝑥 + Δ𝑥)𝐴 (C.3.1)� �
C.4 (total 0.5 pt)

( 0.3 pt)

⟨𝑣(𝑡)⟩ = 𝑄𝐸
𝛾 (1 − 𝑒−𝑡/𝜏)

• 𝜏 = 𝑀/𝛾 can be substituted.

partial points� �
(0.3 pt) 𝑀 𝑑⟨𝑣(𝑡)⟩

𝑑𝑡 = −𝛾⟨𝑣(𝑡)⟩ + 𝑄𝐸 (C.4.1)� �
( 0.2 pt)

𝑢 = 𝑄𝐸
𝛾

C.5 (total 0.5 pt)
Usable letters: 𝑘, 𝛾, 𝑇

( 0.5 pt)

𝐷 = 𝑘𝑇
𝛾

partial points� �
(0.2 pt) 𝐽𝐷(𝑥) = −𝐷𝑄𝐸

𝑘𝑇 𝑛(𝑥) (C.5.1)

(0.2 pt) 𝐽𝑄(𝑥) = 𝑄𝐸
𝛾 𝑛(𝑥) (C.5.2)� �
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Solution / marking scheme

T1‒5
Part D. Mean square displacement (2.4 points)

D.1 (total 1.0 pt)

( 1.0 pt)
𝑁𝐴 = 5.6 × 1023 mol−1

• No reduction if the unit is missing.

• 0.8pt if the second digit is wrong but the value is in the range 5.5–5.7 × 1023.

partial points� �
(0.5 pt) ⟨Δ𝑥2⟩ = 𝑅𝑇 Δ𝑡

3𝜋𝑎𝜂𝑁𝐴
(D.1.1)

• 0.3pt if both the answer of C.2 (⟨Δ𝑥2⟩ = 2𝐷Δ𝑡) and that of C.5 (𝐷 = 𝑘𝑇
𝛾 ) are given in the

worksheet for D.1. The combination of them (⟨Δ𝑥2⟩ = 2𝑘𝑇 Δ𝑡
𝛾 ) is also acceptable. 𝑘 = 𝑅/𝑁𝐴 and

𝛾 = 6𝜋𝑎𝜂 can be substituted here.

• No reduction if 𝑡 is used for Δ𝑡.

(0.3 pt) ⟨Δ𝑥2⟩ = 6.34 𝜇m2 (D.1.2)

• No reduction if the value is in the range 6.2–6.4 𝜇m2.

• 0.2pt if the unit is missing or wrong.� �
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Solution / marking scheme

T1‒6

D.2 (total 0.8 pt)
Usable letters: 𝑢, 𝐷, 𝑡

( 0.2 pt)
⟨Δ𝑥2⟩ = (𝑢𝑡)2 + 2𝐷𝑡

( 0.2 pt)

⟨Δ𝑥2⟩ ∝ {𝑡 for small 𝑡
𝑡2 for large 𝑡

• 0.1pt independently for each answer.

( 0.2 pt)

𝑡∗ = 2𝐷
𝑢2

( 0.2 pt)
Points are given according to the criteria given below.

(log t*)

• 0.1pt if the graph is monotonically increasing and convex (no points if there are
multiple curves that look like the answered graph)

• 0.1pt if 𝑡∗ is written between the two power‒law regions (the label can be either 𝑡∗ or
log 𝑡∗).

D.3 (total 0.6 pt)

( 0.6 pt)

⟨Δ𝑥2⟩ =
⎧{
⎨{⎩

2𝐷𝑡 for small 𝑡
𝑢2

0𝑡2 for intermediate 𝑡
(𝑢2

0𝛿)𝑡 for large 𝑡
• 0.2pt independently for each answer.

• Wrong answer in B.1 is not considered.
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Solution / marking scheme

T1‒7
Part E. Water purification (1.5 points)

E.1 (total 1.5 pt)

( 1.5 pt)

𝑐 = 8𝐵2𝜖3(𝑘𝑇 )5

𝑒4𝑁𝐴𝐴2𝑞6

• 1.3pt if only the coefficient is wrong (𝑒 is a part of the coefficient) (then no further
partial point is given)

partial points� �
(0.5 pt) min𝑈 ′(𝑑) = 0 (E.1.1)

• No point for 𝑈 ′(𝑑) = 0 solely (without indicating what 𝑑 to consider) or 𝑈 ′(𝑎) = 0.
• 0.2pt if the graph of the potential with an energy barrier (the graph first increases
monotonically, then decreases monotonically) is drawn (this is the potential for 𝑐 < 𝑐∗)

• independently, 0.2pt if the graph of the potential without an energy barrier (the graph
increases monotonically) is drawn (this is the potential for 𝑐 > 𝑐∗)

(0.2 pt) 𝑈 ′(𝑑) = 𝐴
𝑑2 − 𝐵𝜖(𝑘𝑇 )2

𝑞2𝜆 𝑒−𝑑/𝜆 = 0 (E.1.2)

(0.2 pt) 𝑈″(𝑑) = −2𝐴
𝑑3 + 𝐵𝜖(𝑘𝑇 )2

𝑞2𝜆2 𝑒−𝑑/𝜆 = 0 (E.1.3)

• 0.2pt (out of the 0.4pt right above) if both 𝑈 ′(𝑑) = 0 and 𝑈″(𝑑) = 0 are written as simultaneous
equations, without their correct explicit forms.

(0.2 pt) 𝑑 = 2𝜆 = √ 𝐴𝑞2𝜆
𝐵𝜖(𝑘𝑇 )2 (E.1.4)

(0.3 pt) 𝜆 = 𝑒2𝐴𝑞2

4𝐵𝜖(𝑘𝑇 )2 (E.1.5)

• 1.4pt is given in total if (E.1.5) is written.

• 1.2pt if only the coefficient is wrong (𝑒 is a part of the coefficient)� �
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Solution / marking scheme

T1‒8

E.1 (cont.)
Another solution: it is also physically reasonable to consider max𝑈(𝑑) = 0 instead of (E.1.1), though
this does not meet the requirements given in the question. Therefore, partial points may be given
as follows if the question is answered along this line.

partial points� �
(0.5 pt) max𝑈(𝑑) = 0 (E.1.6)

• No point for 𝑈(𝑑) = 0 solely (without indicating what 𝑑 to consider) or 𝑈(𝑎) = 0.
• 0.2pt if the graph of the potential with an energy barrier that is higher than 𝑈 = 0 or 𝑈(𝑑 → ∞)
is drawn (this is the potential for 𝑐 < 𝑐∗)

• independently, 0.2pt if the graph of the potential with an energy barrier that is lower than
𝑈 = 0 or 𝑈(𝑑 → ∞) is drawn (this is the potential for 𝑐 > 𝑐∗)

𝑈(𝑑) = −𝐴
𝑑 + 𝐵𝜖(𝑘𝑇 )2

𝑞2 𝑒−𝑑/𝜆 = 0 (E.1.7)

(0.2 pt) 𝑈 ′(𝑑) = 𝐴
𝑑2 − 𝐵𝜖(𝑘𝑇 )2

𝑞2𝜆 𝑒−𝑑/𝜆 = 0 (E.1.8)

• No point for (E.1.7)

• 0.2pt if both 𝑈(𝑑) = 0 are 𝑈 ′(𝑑) = 0 are written as simultaneous equations

(0.5 pt) 𝑑 = 𝜆 = 𝑒𝐴𝑞2

𝐵𝜖(𝑘𝑇 )2 (E.1.9)

• 1.2pt is given in total if (E.1.9) is written.

• 1.0pt if only the coefficient is wrong (𝑒 is a part of the coefficient)

(0.1 pt) 𝑐 = 𝐵2𝜖3(𝑘𝑇 )5

2𝑒2𝑁𝐴𝐴2𝑞6 (E.1.10)

• 1.3pt is given in total if (E.1.10) is written.

• 1.1pt if only the coefficient is wrong (𝑒 is a part of the coefficient)� �
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