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Nepo kal avtikeipeva (10 HOVASEQ)

Ze autd to TpoRANua, e€eTAdoUpE TA PALVOPEVA TIOU OXETI(OVTAL PE TNV ETLPAVELAKT TACN KATA TNV
aMnAemidpaon vepou Kal avTKELPEVWY . To MEpog A, avagepeTal o€ kivnon, evw ta pepn B kat C miept-
YPAPOUV OTATLKEG KATAOTACELG.

Edv elval amapaitnto, pmopelte va xpnoLPOTIOLOETE TO Yeyovog TIwG dTav n ouvaptnon y(z) tkavoroLel
™ Slaoptkr e&lowaon v’ (z) = ay(z) (a €lvat pra Btk otabepd), TOTE N yevikn tng AVon elval y(z) =
AeVe® 4 Be~Var 4mou A Kal B lval auBaipeteg otabepéc.

Mé£pog A. ZuyXwVeUon oTayovwyv vepou (2,0 HOVASEG)

OewpoUupe U0 aKiVNTEG OPALPLKEG OTAYOVEG VEPOU OTNV ETILPAVELA EVOG UTIEP-USPOPOBOU UALKOU, OTIWG
@alvetat oto oxnua 1.
ApXLKd, oL U0 TIAVOPOLOTUTIEG CYALPLKEG OTAYOVEG TOTIOBETOUVTAL N PLa SLITAQ 0TNV AAAN TTAVW 0TNV

ETILPAVELA. ZTN CUVEXELQ, OL OTAYOVEG CUYXWVELOVTAL a@oU ayyl&ouv n pla tnv dAn kat oxnuatifouv
HLa PEYOAUTEPN 0@ALPLKA oTayova veEPOU, N ottola Eavika KLVelTal TTpog Ta TTAVW, EKTEAWVTAG EVa AAMA.

A1 H aktiva a kat twv Vo otayovwy vepoU TIpLV armod tn cuyxwveuon elvat 100 pum.  2.0pt

H TtukvoTnTa Tou vepou p elvat 1.00 x 103 kg/m3. H emupavelakr) taon ~ eivat
7.27 x 1072 J/mZ,
‘Eva PEPOG k TNG SLaWOopAg TNG EMUPAVELAKNG EVEPYELAG TIPLV KAL JETA TN OUY-
XWVEUON, AE, HETATPETIETAL OTNV AVAYKALA KLVNTLKH EVEPYELA TNG 0TAYOVAG yLa
TO GAPQA TNG. ZTN OUVEXELQ, TIPOOSLOPLOTE TNV apyLKN TaxUTNTA AAPATOG, v, TNG
OUYXWVEUHEVNG oTayodvag VEPOU PE SUO anuavtika Yneila utd tig akoAouBeg
TapadoxEc:

* k=0.06

* MpLv KAl PETA TN CUYXWVEUDN, O CUVOALKOG OYKOG VEPOU SLatnpeitad.

> => ﬁ

IxNpa 1: Zuyxwveuon §V0 oTayovVwV VepoU Kal AAPa TNG CUYXWVEUPEVNG oTaydvag vepou.

Mé£pog B. KaBeta tomoBetnpévn mMAdka (4,5 povadeg)

Mua emtitedn mAaka Bubiletal kaBeta oto vepd. Ta oxrjuata 2(a) kat 2(B) Seixvouv avtiotolya TLg HOPYES
NG ETLPAVELAG TOU VEPOU yLa Ta USPOPIAA (TTIOU EAKOUV Ta POpLa TOU VeEPOU) KAl USPOYoRa (Tou To
amwBouv) UALKA TG TIAAKAG. ASLaQOoPOUE yLa TO TIAX0G TNG TIAAKAG,.

H emupavela tng mAAkag Bploketal oto eminedo yz Kat n opLlévTia eMLPAVELA TOU VEPOU PJaKPLA ATt TNV
TAGKa Bploketal oto emninedo xy otnv B€on z = 0. To oxrua tng emupdvelag dev Eaptatat amd tnv y-
ouvtetaypevn. Eotw (z) n ywvia PeTagl tng uSATLVNG EMLPAVELAG KAL TOU 0pL{OVTLOU ETILTIESOU O€E €va
onpelo (x, z) TNG USATLVNG ETILYAVELAG OTO £TITIESO z2. ESW TO () PeTpdTal WG TIpog Tov BeTIKO dfova
x KAl N QVTLWPOAOYLAKN TIEEPLOTPOWN AdpBavetal wg BeTkr. EoTw OTL To §(x) LoouTal PE 6, 0TO onpelo
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EMAPG HETAEL TNG oavidag Kat TG EMUPAVELAG TOU VEPOU (z = 0). ZTNV CUVEXELQ, N TLUN 6, Bewpeltal
otabepr] kat GeEaPTWHEVN ATO TLG LELOTNTEG TOU UALKOU TNG TIAGKAG,.

H Ttukvotnta tou vepol p elval otabepr] Kal N EMUPAVELAKN TAON TOu VEPOU ~ €lvat opolopopyn. H
otabepd tng emitayuvong Baputntag eivat g. H atpooatpikr miieon P, Bewpeital dvta otabepn. Ag
TIPOOSLOPLOOUE TN HOPPN) TNG ETILYAVELAG TOU VEPOU HE Ta akoAouBa Bripata. AdBete utt” ddn oag otL
N HovAada emLpavelakng taong elvat J/m? al\a kat N/m.

(a) (b)

Zx. 2: MAd&keg kaBeTa BuBLOpEVEG 0TO VEPO. () TtEPLTTTWON USPOPIANG TIAGKAG-
(B) mepimtwon uSpdyYoPng TTAAKAG.

B.1 OewpoupE pLa epimtwon uEPOPIANG TIAGKAG, OTIWG Yalvetal oto ZxAua 2(a).  0.6pt
ZnUELWVOUE OTL N Tileon Tou vepou, P, LkavoTtolel TLg ouvlrkeg P < P, yLa To
z > 0Kal P = P, yla 1o z = (. £Tn OUVEXELQ, EKPYPACOUPE TO P OTO 2z WG TIPOG TO
p, TO g, TO z KAL TO F,.

B.2 OewpOoUE €va TPAPA (UTTAOK) Tou vepoU ToU ottolou To Teplypappa @aivetatr  0.8pt
oKLaopEVO oto Xxnpa 3(a). H eninedn Siatopr tou zz mapouctadetal Ye dla-
ypappion oto Zx.3(B). EoTw z; KAl z, AVTLOTOLYXA OL CUVTETAYHPEVEG TNG APLOTE-

PAG Kat TG S€ELAC akung Ttou oplou (USATLVN emLPAvVELA) HETAED TOU USATIVOU
OYKOU KaL TOU agpa.

Na Bpebel n oplldvTia cuvLoTWOoA (z CUVLOTWOA) TNG CUVOALKNG SUvVapng £, avd
pHovdada prAKoug Katd Prkog tou agova y, n omola ackeltal oto PTAOK VEPOU
AOYwW TNG TIleoNG, CUVAPTIOEL TWV p, g, 2, KAL 2. ZNUELWOTE OTL N ATPOCPALPLKNA
Tileon P, ev aokel kabBapr) optfdvtia Suvapn oto PTIAOK vepPOU.
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b 2

21

22

2x. 3: Neplypappa Tou uSatvou TURPaAtog (OyKou) otnv eMUPAVELA TOU VeEPOU. () ATtoyn amod
PnAd kat TAdyLa kat (B) eykapola Toprn).

B.3 H emupavelakr Taon Tou ackeltal oto PTIAOK Vepou e&looppoteital pe tn SuU-  0.8pt
vapn f, ou culntiBnke oto onueio B.2. Opifoupe avtiotolya #; Kat 6, WG TLG
YWVLEG HETAEL TNG ETLPAVELAG TOU VEPOU KL TOU 0pL{OVTLOU ETILTIESOU OTA apL-
otepa Kat 6e§La dkpa. EkppAaloupe To f, WG TIPOG TA v, 6, KAL b,.

B.4 H akoAouBn eglowon LoxVeL o€ éva auBaipeto onuelo (x, z) otnv emupavetatouv  0.8pt
vepou,

1 rz\@
5 (E) + cosf(z) = constant. (1)
MpoodLoplote ToV EKBETN a KAl EKYPAOTE TN oTabepd ¢ WG TIPOG TA v KAl p. Xn-
Hewwote OtL N e&lowon autr) LoyxVel aveEdptnta amo ta uspdYia i uSpoyoRa
UALKA TNG TAAKAG,.

B.5 Ztnv e§lowon (1) oto B.4, urtoBeToupe OTL N PeTaBoAr Tng uddtivng emupavelag  1.5pt
elvat apyn), &niadn |2/ (z)| < 1, £T0L WOTE va PTOPOUPE va avamtu§oupe To
cosf(x) o€ ox€on HE TO 2/ (z) PEXPL TN SeUTEPN TAEN. ZTN OUVEXELA, SLaWOopo-
TIOLWVTAG TNV TIPoKUTIToUoa Elowaon WG TPog x, AAPBAVOUUE TN SLaPopLKN
elowon Tou wkavoTtoLeltat amo To z(x). AUCTE autr) TN SlaopLkr) eElowon Kat
Tpoodloplote To z(x) yld z > 0 WG TPOG TO tan f, Kat TO £. ZNPELWOTE OTL OL
KATAKOPUYEG SLEUBUVOELG TWV ZXNHATWVY 2 KAl 3 Elval OXESLAOPEVEG ETOL WOTE
va SLeukoAuveTal N TipoBoAr Kat Sgv LkavoToloUV Tn cuvenkn, |2/ (z)] < 1.

Mépog I'. AAANAeTtiSpacn peta&u svo papBdwv (3,5 povasdeg)

OL tavopolotuteg papsdot A kal B amd to (810 UALKO Tou €TILITAE0UV TIAPAAANAQ OTNV ETILPAVELA TOU
vepoU TomoBeTouvtal otnyv (dla amoéotacn amod tov agova y (ZxNpa 4).
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Zx. 4: Ao paPSol A kat B eTILITA¢0UV 0TNV ETILYPAVELA TOU VEPOU.

C.1 Yta onuela emagng tng paBdou B pe tnv uddtivn emupavela opifoupe TG - 1.0pt
OUVTETAYHEVEG z, KAl 2z, KAl TIG YWVLEG 6, Kat 6, OTwG paivovtal oto oxrua
5. MNpoadloplote Tn cuviotwoa tng opLlovtiag Suvapng, F,, TTou aokeltat otn
pd&p&o B avd povada prikoug katd Prkog tou y-a§ova og 0poug b,, Oy, 24, 2p, 0
g KAl .

Zx. 5: KaBetn topn 800 paBSwv Tou MLITAEOUV OTNV EMUPAVELA TOU VEPOU (USATLVN ETILYPA-
VELQ).

c.2 Oplloupe tn ouvteTaypeévn 2 TNG USATLVNG ETILYAVELAG, 2,, OTO PJEoo SUo pd-  1.5pt
B&wv oto emnimnedo zz. Na ekppdoete tn SVvapn F, TIOU UTIOAOYLOATE OTO EPW-
tnpa C.1 xwplg va xpnOLHOTIOOETE TLG b, 6, 2, KAL 2.
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c3 ‘EOTW x, N x-OUVTETAYHPEVN TOU onpelou emagng petagy tng emupavelag tou ve-  1.0pt
poU Kal TOU apLoTEPOU AKpoU TG paBdou B. Xpnolpomolwvtag tn SLapopikn
eglowon mou mpogkuPe oto epwTnua B.4, EKPPACTE TN CUVTIETAYHEVN 2, TNG
0TABUNG TOU VEPOU OTO PECO TWV SV0 autwv pARSwv A Kat B wg pog Tig =,
KL z,. MTIOpELTE Va XPNOLPOTIOLAOETE T 0Tabepd ¢ TTOU XPNOLUOTIOLBNKE OTO
epwtnua B.4.
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Nepo kal avtikeipeva (10 HOVASEQ)

MéEpog A. ZuyXwVveuon oTayovwyv vepou (2,0 HoVASEG)

A.1(2.0pt)

MéEpog B. KaBeta tomoBetnpévog tivakag (4,5 Hovadeqg)

B.1 (0.6pt)

P =

B.2 (0.8pt)
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B.5 (1.5pt)

z2(x) =

Mépog I'. ANANAeTtiSpaon petagu 800 pABSWVY TTOU ETILITAEOUV GTNV ETILPAVELA TOU VEPOU
(3,5 povasdeg)

C.1(1.0pt)

F =

x

C.2 (1.5pt)

C.3 (1.0pt)

ZO:
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Solution / marking scheme — Water and Objects (10 pt)

General rules
e In the following, “coefficients” refer to the numerical factors and do not include parameters.

General rules for carryover points
e No points inside a single question.

e Only wrong answers on the answer sheet are considered.

e Answers with wrong dimensions are not considered.

Part A. Merger of water drops and jump of the merged water drop (1.0 pt)

A.1 (total 2.0 pt)

(2.0 pt)

v=0.23 m/s
e No deduction if the answer falls within the range 0.22 m/s < v < 0.24 m/s

- partial points ~
The surface energy per drop before the merger:
(0.4 pt) E =4ma’y (A.1.1)
The surface energy difference:
(0.6 pt) AE =4m(2—2%3)a?y (A.1.2)
The transfer of surface energy to kinetic energy :
(0.4 pt) Muv?/2 =0.06AE (A.1.3)

where M = 4rap/3 x 2 = 8ma3p/3 is the mass of the drop after the merger.
e No partial point will be given if the factor 0.06 is missing.

Numerical evaluation:

0.06 x (7.27 x 10-2)
- 923 _
v \/3 (2= 22%) X G0 10%) x (100 x 10-9) 0.237 m/s

N J
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Part B. A vertically placed board and water surface form around it (4.2 pt)

B.1 (total 0.6 pt)
Usable letters: p, g, z, Py

(0.6 pt)
P =P, —pgz
e No point will be given for P = P, + pgz

Commentary
[The expression, P = P, — pgz, holds for both z < 0 and z > 0, as long as z is inside the water. j

B.2 (total 0.8 pt)
Usable letters: p, g, 2;, 29

(0.8 pt)
1
fo=5p9(25 = 21)
e Give 0.6 pt for f, = pg (23 — 2?)

1
e Give 0.4 ptfor f, = P9 (23 —23)

Commentary

Because the atmospheric pressure P, exerts no net horizontal force on the water block, we have

Zl 1
fo= / (=pgz)dz = 5pg (23 — 21)

2

B.3 (total 0.8 pt)
Usable letters: ~,6,, 6,
(0.8 pt)
fr, =ycosf, —ycosb,
e Give 0.6 pt for f, =~y cosf, —ycosb,
e Give 0.4 pt for f, = ycosf, +ycos#, or f, = —vycosb, —ycosb,.
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B.4 (total 0.8 pt)
(0.4 pt)
a=2

e No point will be given for a # 2. Error propagation is not considerd for this answer,
since a # 2 means dimensional error.

Usable letters: v, p
(0.4 pt)
L= ,]—

P9
e If an unnecessary coefficient is included as a factor, 0.2 pt will be deducted.
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B.5 (total 1.5 pt)
Usable letters: tan 6, ¢
( 1.5 pt)

z(x) = —ftanb,e
e Deduct 0.2 pt for z (z) = —£sin e */* or z (z) = —Lhye /"

—x/l

- partial points ~
z = tan@ leads to
1
1 , 9
(0.1 pt) cosf=~1-— §<Z ) (B.5.2)

Plug this into Eq.(1) to obtain,

2

(0.2 pt) %2 — 2'? = const. (B.5.3)

Take the derivative of both sides with respect to x :

VA Z
(0.5pt) = = (B.5.4)

which is the differential equation which determines the water surface form.
General solution:

(0.2 pt) z= Ae®/t 4 Be /" (B.5.5)
The boundary condition, z(c0) = 0, leads to
(0.1pt) A=0 (B.5.6)

The boundary condition, z’(0) = tan 6,, leads to

(0.2pt) B=—/{tané, (B.5.7)
N J
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Part C. Interaction between two rods floating on the water surface (2.1 pt)

C.1 (total 1.0 pt)
Usable letters: 0,, 0y, 24, 2, P, 9, 7Y

(1.0 pt)
1
F, = 5pg (s = 22) + 7 (cos 6, — cosb,)
. 1
e Give 0.8 pt for F, = 39 (22 — 22) + v (cos @, — cosby)
. 1 1
e Give 0.6 ptfor F, = —pg (22 — 22) + ycosfy +ycosb, or F, = —pg (22 — 22) —ycosf, —
x 2/’9 b a 2 1 x 9 b a 2
v CoS 6.
e partial points ~
The holizontal component of the force due to the pressure is
. 1 2 .2
(0.6 pt) / (pgz)dz = 3P9 (27 — 22) (C.1.1)
Za
NS J
- Commentary ~

Comment 1: How to apply the experience in B.1 is as follows. Let 2., the z-coordinate at the
bottom of the rod, then from the discussion in B1, we see

Za Zp Zp
F, = / (—pgz)dz + ( / (pgz}dZ) = / (pgz)dz
Zpottom Zpottom Za

Comment 2: The fact that the contribution due to the pressure does not depend on the shape
of the cross-section can be demonstrated as follows. The pressure at the point s on the contour
C along the cross-sectional boundary is

—Pnds = (—Py+pg)nds.

Let Z the unit vector pointing the positive z-direction and noting z - nds = dz (see the figure
shown below), the holizontal component becoms and its holizontal component becomes

—Pn - &ds = —Pydz+pgdz.

Integrating along the contour C, we obtain

N —

i(Pﬁ -Zds) = [b (pgz)dz = Spg (2 — 23)

a

dS dZ<0

~"Zbottom
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C.2 (total 1.5 pt)
Unusable letters: 6,0, z,, 2,

(1.5 pt)
1
F, = —5p9%
e Give 1.3 ptfor F, = —pgz?.

1
e Give 0.8 pt for F, = §pgz3.

-

partial points ~
Apply the boundary conditions to Eq. (1) to obtain
1 1,
(0.6 pt) 5pgzi + 708, = Spgzg +7 (C.2.1)
T=x, x=0
e Give 0.4 pt for pgz2 + ycosl, = pgz¢ +
1
(0.6 pt) ipgzg +ycost, = ~ (C.2.2)
—_— a:—Too
T=xy,
e Give 0.4 pt for pgz? + v cos b, = pgz2
E, is obtained by subtracting (C2.1) from (C2.2).
J
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C.3 (total 1.0 pt)
Usable letters: z,, 2,

(1.0 pt)
_ 2z,
%0 = eza/l + 6—ma/é

V4
Correct alternative answer: z, = ——>—— = 2 _coth(z, /¢
° 07 tanh(z,/f) (@./0)

s partial points

General solution: z(x) = Ae®/¢ + Be /¢
Taking into account the left-right symmetry, we obtain,

(0.3pt) A=B

Boundary condition, z(0) = z, leads to
(0.3pt) A+ B=z

Find the coefficients:

(0.2pt) A=z/2

(0.2 pt) B=z,/2

N

(C.3.1)

(C.3.2)

(C.3.3)

(C.3.4)




