PROBLEM

Problem 2

NpoBAnpa T2. Zrayovopuetpo vepou tou Kelvin (8
uovadeg)

Ta axkdAovOa otoixela oxetika ue v Emipaveiakr] Taon
umoel va oag Gpavovv xonotpa yuwx to IpopAnua avtd. I'a
T HooL €vog LYQOU, oL Béoelg ot d-eTudaveld poplwy
vyQov-aéoa ovviotovv i Ilegoxn mov elvar Avrydtepo
evvoikn] oe OUYKQLWON HE TG O€0€lC 0TO €0WTEQIKO TOL
OYKOUL TOL LYQOV. YuvveTtwg, oty Ilegloxn avtr] amoddeTot
n Aeyouevn Emdpavewakr) Evégyewr U = oS, dmov S etva to
eupadd g Iepoxrc kat o o LvvteAeots Erudaveaxr|g
Taone tov vygov. EmumpdocOeta, OV0 TUNHATA TNG
ETIHAVELAG TOV VYQOV aokoVV apoPaies éALews pétoov F =
ol, 6mov 1 etva ) amdotaon Twv dVO TUNUATWYV.
‘Evag pakoie petaddikdc ocwAnvag e
eowteQkr)  dwpetgo d - Poloketat
KATakoQupaA  TEOCAVATOAITHEVOS  KATW
amd e de€apevn 1 omolx  otAlel VeQO
amo TNV KAT® NG eMPAVELR, OMWS OTO
oxnua. To vepd umopel va Bewpndel
NAEKTOIKA aYWYLHO, HE ETUDAVELXKT] TAOT)

\; ‘\Hﬁ

o kat mokvotnta p. Na vmoBéoete OtL

dlaokae oyvel d<r. To r elvar 1 axtiva

MG OTayovag TOL KQEHUETAL KAT®W omd TO AKQO TOL
owANva, 1 omolat HeEYAAWVEL QY& HEXQL Vo daXwQLoTel
amod auTOV AGYw TG ETUTAXVVOTS NG PagUTNTaS g.

Mépog A. Movog owAnvag (4 uovadeg)

i. (1.2 povades) Na Boeite TNV aKTVA Fmax TG OTAYOVAS
AEOWS TIOLV DX XWELOTEL ATIO TO &KQO TOL CWAT|VA.

ii. (1.2 povadeg) Le oxéon pe onueid OTO ATEQO, TO
NAEKTQOOTATIKO dLVAULIKO TOL owANva etvat @. Na Poelte
o PpoTtio Q otav 1 axtiva NG otaydvag etvat r.

iii. (1.6 povadeg) I'iax avtd 10 epwWTNUA, Vo LTOOETeTE OTL TO
r mMaQauével 0TafeQd KAL TO @ AULEAVETAL OTADWAKA LLE

Poadd ouOpd. H otaydéva yivetar aotabrgc  kat
dxxwolletat 0g  dVO  KOHUATIA, €AV 1] EOWTEQLKT)
vdgootatiky) mieor) TG YiveL IKQOTEQN ATO TV

atpoodookr). Na Poelte tnv opuakt] (kQloumn) Tiur] Tov
dLVAULKOD Pmax YLt TNV OTIOLAX OVHBALVEL AVTO.

Mépog B. AUo owAnveg (4 puovadeg)

Mia ovokevr) ) omolor OVOUALETOL «OTAYOVOLLETQO VEQOU
tov Kelvin» anoteAeitatr and dvo owArveg (OpoOOLVG HE TOV
owAjva  TIOL  TteQLypAdeTaL Méooc A
TMEOPANIHUATOS), OLVOEDEEVOUG HETAED TOVC Héow MG
évwone oxnuatog T, énwe oto oxnua. Ta axoa twv dvo
owANvwv  Polokovtat ot KEVTEA dVO  KULALVOQIKWYV

oTo TOL
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NAextodlwv (pe Vpoc L kat

dukpetgo D, L»D>»r). O

e e C 77777777
ovOuog pe tov  omolo <lo
TEPTOVV OL OTAYOVEG elvaL n =18

. . . -1 a=] b=
(otaryoveg ava  povada £l L
X00VOUV), Kal Yt Touvg dVo 3% D
owAnvec.  Ou  otaydveg gl L I

néptovv ano vog H péoa
oe ayoylua doxela wkdtw
aTo T AKEA TWV CWATVWY, J
Ta omoia elval oTavEWTA

oLVOEdEUEVA e TA NAEKTQOdIX OIS PatveTal 0To OXTHA.
Ta nAexteddi eivar ovvdedepéva PHEOw VOGS TIUKVWTH
xwontuotn-tac C. To oAwkd Pogtio Tov oCLOTAHATOS TWV
doxelwv Kal TV NAEKTEOOlWV elvat UNdév. TnUewoTe OTL
T0 00X El0 TAQOXG VYQOV 0TIV KOQU(PT| TOL TXNUATOS Elvat
Yelwpévo.

H mowtn otayova, xatd tnv amokoAAnon g, ¢épel
piKoookoTiko  ¢ogtio, To omoio Oa mEOKaAéoEL P
avioogEoTia HeTalV Twv V0 TMAELEWV Kol éva  HIKQO
dlorXwoLopd GogTiov peTald TV OTMAIOHWMV TOV TIUKVWT)
IOV OMHLOVQYELTAL EKELVT) TN OTLY ).

i. (1.2 povadeg) Na exdpoacete TV amoAvTn TWUT TOL
doortiov Qy Twv oTarydvwv TOL dlorxweLCoVTaL, TN XQOVIKT
OTUYUT) TTOL TO (POQTIO TOL TTVKVWTT] €lval g, 0 ox€on e TOV
000 Tmax (amd to Mépog A-i). Na pn Aapete vndym 7o
dawvopevo mov megrypadetatl oto Mégog A-iii.

ii. (1.5 povadeg) Na Poeite piax oxéorm Tov g and 1o XeOVo t,
noooeYyYlCovtds TN pe Ml ovvexr) ovvdotnon q(f) xou
vnoBétwvtag ot g(0) = go.

iii. (1.3 povadeg) H Aeitovgyia Tov otayovopetgov umoget
va epmodloTel and to GAVOUEVO TOL TAQOLOLALETAL OTO
Mépog A-iii. EmimpooOeta, vrtdoxet i ookt T Umax
¢ TAong mov pToQel va  emitevxBel avapeoa ota
NAEKTEOOR, AOYW TG NAEKTQOOTATIKIG ATIWONG HETAED
HLAG oTaydvag kat Tov doxelov katw amd avt). Na Poelte
v ogakt] avT) T Umax.
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The 43" International Physics Olympiad — July 2012
Grading scheme: Theory

General rules This grading scheme describes the number of
points allotted for each term entering a useful formula. These
terms don’t need to be separately described: if a formula is
written correctly, full marks (the sum of the marks of all the
terms of that formula) are given. If a formula is not written
explicitly, but it is clear that individual terms are written bear-
ing the equation in mind (eg. indicated on a diagram), marks
for these terms will be given. Some points are allotted for
mathematical calculations.

If a certain term of a useful formula is written incor-
rectly, 0.1 is subtracted for a minor mistake (eg. missing non-
dimensional factor); no mark is given if the mistake is major
(with non-matching dimensionality). The same rule is applied
to the marking of mathematical calculations: each minor mis-
take leads to a subtraction of 0.1 pts (as long as the remaining

score for that particular calculation remains positive), and no
marks are given in the case of dimensional mistakes.

No penalty is applied in these cases when a mistake is clearly
just a rewriting typo (i.e. when there is no mistake in the draft).

If formula is written without deriving: if it is simple
enough to be derived in head, full marks, otherwise zero
marks.

If there two solutions on Solution sheets, one correct and
another incorrect: only the one wich corresponds to the An-
swer Sheets is taken into account. What is crossed out is
never considered.

No penalty is applied for propagating errors unless the cal-
culations are significantly simplified (in which case mathemat-
ical calculations are credited partially, according to the degree
of simplification, with marking granularity of 0.1 pts).
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PROBLEM

Problem 2

Problem T2. Kelvin water dropper (8 points)
Part A. Single pipe (4 points)

i. (1.2 pts) For the terms entering the force balance of a
droplet immediately before separation from the nozzle, the
points are given as follows:

mg — 0.2 pts;
m = pV — 0.1 pts;

4
V= gwrf’nax — 0.1 pts;
mod — 0.4 pts.

(if geometrically obtained cos « is included, 0.2 pts)
Force balance equation including these terms — 0.2 pts;

For expressing 7,4, from the equation — 0.2 pts.
ii. (1.2 pts)

Stating that the droplet’s potential is ¢ — 0.2 pts

(if used correctly, this does not need to be explicitly stated).

1
Expressing the droplet’s potential as 1 Q — 0.8 pts

TEQ T

(without correct sign — 0.6 pts).
Expressing @ from the obtained equation — 0.2 pts.

iii. (1.6 pts) The components of the excess pressure are graded
as follows.

20 /r — 0.5 pts;

1
550E2 — 0.4 pts;

1
bringing it to the form 550@2/1"2 — 0.2 pts.
Noticing that the two effects have opposite sign — 0.2 pts
(if used correctly, this does not need to be stated separately).
Equation stating that the excess pressure is 0 — 0.1 pts;

Expressing ¢max from the obtained equation — 0.2 pts.

In the case of energy-balance-based solution, the distribu-

tion of marks is as follows.

surface energy change as 4nod(r?) = 8rordr — 0.5 pts;
electrostatic energy change as 27T50g012naxdr — 0.5 pts;
electrostatic work as dA | = dregp? , dr — 0.3 pts;
equation stating that en. change equals to work — 0.1 pts;

expressing Ymax from the obtained equation — 0.2 pts.

0 pts if energy are equated (without virtual displacement).
If factor ;
wise correct), -0.2 pts).

Part B. Two pipes (4 points)

i. (1.2 pts)

Stating that the surroundings’ potential is — U/2 — 0.4 pts;

missing before the electrostat. force (but other-

IPhO

Estonia 2012

(if not stated but used correctly — full marks; opposite signs
are allowed to be chosen consistently)

stating that the droplet’s potential is 0 — 0.4 pts
(if not stated but used correctly — full marks)
Applying formula U = ¢/C — 0.2 pts
Using the result of Part A with
© = U/2 to obtain the final result — 0.2 pts.

the solutions with U instead of U/2 will qualify for 0.4 pts
for the first two lines (i.e. in total up to 0.8)

ii. (1.5 pts)

Stating that a droplet will increase the capacitor’s
charge by its own charge Q = 2m€¢qrmax/C — 0.4 pts;
(0 pts if wrong sign)
(0.2 pts if redundant factor “2")
Expressing dg = Q dN — 0.2 pts;
Substituting dN = ndt — 0.2 pts;
solving the obtained differential equation — 0.5 pts;
determining the integration constant from
the initial condition — 0.1 pts;

substituting rp.x from above — 0.1 pts.

iii. (1.3 pts) Equation for the energy balance of a droplet:

expressing the droplet’s electrostatic energy change during
the fall as UQ — 0.6 pts

(0.3 for UQ/2)

expressing the droplet’s gravitational energy change as mgH
— 0.2 pts

noticing that at the limit voltage, droplet’s terminal kinetic
energy is zero — 0.3 pts

expressing energy conservation law equation — 0.1 pts
expressing the final answer — 0.1 pts.

(if bowl considered as a point charge, only the mgh line
and the kin. en. lines are applicable)

If instead of the energy balance, the force balance is used
(which is incorrect), partial credit for the terms entering the
equation is given as follows.

gravity force gm — 0.2 pts

electric field estimated as E ~ U/(H — L/2) — 0.2 pts

(0.1, if not realized that this is an approximation)

electric force F' = EQ — 0.1 pts

writing down force balance equation — 0.1 pts.

expressing the final answer — 0.1 pts.

(if bowl considered as a point charge, only the first line and
the force balance line are applicable)
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PROBLEM

Problem 2

Problem T2. Kelvin water dropper (8 points)
Part A. Single pipe (4 points)

i. (1.2 pts) Let us write the force balance for the droplet.
Since d < r, we can neglect the force %Ade due to the excess
pressure Ap inside the tube. So, the gravity force %ﬂ'rf’naxpg
is balanced by the capillary force. When the droplet separates
from the tube, the water surface forms in the vicinity of the
nozzle a “neck”, which has vertical tangent. In the horizontal
cross-section of that “neck”, the capillary force is vertical and

can be calculated as mod. So,

s/ 30d
Tmax = .
4pg

ii. (1.2 pts) Since d < r, we can neglect the change of the
droplet’s capacitance due to the tube. On the one hand, the
droplet’s potential is ¢; on the other hand, it is Q So,

4meg T °

Q = 4megor.

iii. (1.6 pts) Excess pressure inside the droplet is caused by
the capillary pressure 20 /r (increases the inside pressure), and
by the electrostatic pressure %50E2 = %aoch /r? (decreases the
pressure). So, the sign of the excess pressure will change, if
$€092ax/T? = 207, hence

Omax = 27/ 0T /0.

The expression for the electrostatic pressure used above can
be derived as follows. The electrostatic force acting on a surface
charge of density ¢ and surface area S is given by F = ¢S - E,
where E is the field at the site without the field created by the
surface charge element itself. Note that this force is perpen-
dicular to the surface, so F'/S can be interpreted as a pressure.
The surface charge gives rise to a field drop on the surface equal
to AE = o/e¢ (which follows from the Gauss law); inside the
droplet, there is no field due to the conductivity of the droplet:
E— %AE = 0; outside the droplet, there is field E = E + %AE,
therefore E = %E = %AE. Bringing everything together, we
obtain the expression used above.

Note that alternatively, this expression can be derived by
considering a virtual displacement of a capacitor’s surface and
comparing the pressure work pAV with the change of the elec-
trostatic field energy %EQEzAV.

Finally, the answer to the question can be also derived from
the requirement that the mechanical work dA done for an in-
finitesimal droplet inflation needs to be zero. From the en-
ergy conservation law, dW + dW = od(4nmr?) + %gofnax dCyq,
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where the droplet’s capacitance Cy = 4megr; the electrical work
dWel = Pmaxdq = 47T50g012naxdr. Putting dW = 0 we obtain an
equation for ¢nax, which recovers the earlier result.

Part B. Two pipes (4 points)

i. (1.2 pts) This is basically the same as Part A-ii, except
that the surroundings’ potential is that of the surrounding
electrode, —U/2 (where U = ¢/C is the capacitor’s voltage)
and droplet has the ground potential (0). As it is not defined
which electrode is the positive one, opposite sign of the po-
tential may be chosen, if done consistently. Note that since
the cylindrical electrode is long, it shields effectively the en-
vironment’s (ground, wall, etc) potential. So, relative to its
surroundings, the droplet’s potential is U/2. Using the result
of Part A we obtain

Q = 27-‘—50[]7'max = 27T€0q7°max/0.

ii. (1.5 pts) The sign of the droplet’s charge is the same as
that of the capacitor’s opposite plate (which is connected to
the farther electrode). So, when the droplet falls into the bowl,
it will increase the capacitor’s charge by Q:

dq = 2megUrmaxdN = 27T50rmaxndt%,
where dN = ndt is the number of droplets which fall during
the time dt This is a simple linear differential equation which
is solved easily to obtain

B ‘ _ 2meoTmaxn _ WEQN 4/60d
q=qoe"", 7= = —.
C C Py

iii. (1.3 pts) The droplets can reach the bowls if their mech-
anical energy mgH (where m is the droplet’s mass) is large
enough to overcome the electrostatic push: The droplet starts
at the point where the electric potential is 0, which is the sum of
the potential U/2, due to the electrode, and of its self-generated
potential —U/2. Its motion is not affected by the self-generated
field, so it needs to fall from the potential U/2 down to the po-
tential —U/2, resulting in the change of the electrostatic energy
equal to UQ < mgH, where Q = 2meqUrmax (see above). So,

H
Umax = g

)
2megUmaxmax

o H3go?pd?
6ed

Hod
" Umax = 7 =
25~0Tmax
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