PROBLEM

Problem 3

NpoBAnua T3. Anpovpyia evog NpwtoAotépa (9
uovadeg)

BOa mEooTtBNOOVHE VA HOVTEAOTOW|OOVHE €Va AOTQO
OIS TEQLYQAdeTaL Mo kKATw: OewEnote éva oPalQko
oUVVEPO apALNG HETO-AOTOLKTG OKOVIG VTIO aépta oodn,
to omolo Poloketal agXlkd oe NEepia kat ov agxilel va
ovumiéCetar Adyw NG PaQUTIKN)G TOL katdopevons. H
aQxWn aktiva e vmotOépevne odpaipag etval rp Kat 1
uala tng m. H Begpokpaoia tov megpdAAovtoc xwoov (o
omolog elval TOAV xQatdTEQOS ATO TO AéQLO) KoL 1) CLOXLKT)
Oeopokpaoia Tov agplov pmogovy va BewEnBovv otL éxovv
otaBeQr] Tiur) og 0Ao Tov oyko (o meog Ty. To aéoto pmogetl
va Oewondel wWavikd. H péon poolakn pala tov aegiov
elval g xat o adfBatikdc TOL OLVTEAEOTHG Y > %A

YroBéote ot  Gmu/rn>RT, o6mov R 1 Ilaykooua

ItaBepa twv agplwv kat G 1 Ltabega g Iayrkooua
‘EAENG.

i. (0.8 povadec) Katd tn dudgkewx tov peyaAvtegov HéQoug
MG KATAQQELONG, TO AéQLO elval TO0O aywYLHo OeQuika
wote  omowxdnmote  OeouoTnTa  OnuovEyeltal  oTo
E0WTEQKO TG odaigag, dadevyel pakouk. AnAadn n
odalga magapével oe OeQUOdLVAULKT] LOOQQOTIX UE TOV
nieppaArovta xwpo. ITooec Gpooéc (n) éxel avknOel n) mtieon
TOU E0WTEQLKOV XWQEOU 1TNe odaigag, otav 1 aktiva
(r1 = 0.510);

YroOéote OTL 1| MUKVOTTA TOL aeplov €xel kaO'OAn )

ovumieons/katapoevons  GTdoeL OTO  HLOO
dadikaoia TG CUIMUKVWONG, Ot TUT o€ OA0 TOV OYKO.

ii. 1 povada) I'oaPte pix mEooeyywotkny efioworn Tov
X00VOL t; TIOL XEeldletal WoTe N aktiva g oPaloag va
ovopkvwOel and ro oe r2=0.95r. Katd v mrtwon evog
Logiov Tov aegiov, ayvorjote TNV aAAayr] Tov BaQuTikov
rtedlov ot B€on tov pogiov.

iii. (2.5 povadeg) YmoOétovrag OtL 1 micon magapével
apeAnTéa, VTOAOYIOTE TO XOOVO 0 TIOU XQELALETAL WOTE
TO AOTEO VA CLEEKVWOEL ATO TNV AQXIKN] TOL AKTiva to
OTNV HKEOTEQN duvaTr] TOV AKTIVA, XONOIHOTOWOVTIONG TO
vopo tov Kepler yiux eAAetmtucéc tooxLég.

iv. (1.7 povadeg) e kamowa axtiva 13 < rp T0 aéolo yivetat
QAQKETA TUKVO KAt 1) OeQuikn] akTvoPoAin dev katadégvel
o va dxdpevyel and avtd. YmoAoylote 1O TOOO TNG
akTvopoAovpevng Oeopdmrac Q kAt T dLAQKELX TIG

OLUTILEOTG TOV AOTQOL ATO Ty LLEXOL 1) AKTIVO TOL Vot YiveL s,
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V. (1 povada) T'a Tpég T axtivag UIKQOTEQES TOL I3
pmopelte va apeAnoete v aktivoBoAovpevn Oeguotnta
amo 1o &otQo. Bpelte px ouvAQETNOT MOV CULVOEEL TN
Oeopokpaoia T TOL ACTEOL HE TNV AKTIVA TOV ¥ < 73.

vi. (2 povddeg) Lt0 TeAkO OTADO KATAQQELONG e
HTTOQOVE V& AYVONOOUHE TNV €TOQAON TG Tieong ot
dvvapkny peAétn tov agplov, €TtoL 1) CLUTUKVWOT] OTAUATA
oe Ha axtiva r= ri(ue 1< r3). Opweg, 1t Oeouikn
aKTVOPOAlt ITTOQOVE VOt OUVEXIOOUHE VA TNV oryVOOUULE,
Kka N Oeguokpaoia ovvexilel va v etvat tooo vPnNAn mov
va mookaAéoel muonvikny ovvtnén. H mieon evog tétolov
mowToAoTéoa O umogel mMAéov va OewonOel otL éxel D
T oe OA0 TOV OYKO TOU, AAAG UMOQOVUUE aKOUn vo
KAVOUUE TIQOXELQEC EKTIUNOELS €0TW KAl HE avakQuBeic
TIHEG
KATAAANAN TQOOEYYLOT), EKTIUNOTE TNV TEAKY] QKTVa 74

aplOpnTikwv  magayoviwv.  Kavoviag v

KkaOd¢ kat v avtiotoryn Oeopokoaoia Ti.
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The 43" International Physics Olympiad — July 2012
Grading scheme: Theory

General rules This grading scheme describes the number of
points allotted for each term entering a useful formula. These
terms don’t need to be separately described: if a formula is
written correctly, full marks (the sum of the marks of all the
terms of that formula) are given. If a formula is not written
explicitly, but it is clear that individual terms are written bear-
ing the equation in mind (eg. indicated on a diagram), marks
for these terms will be given. Some points are allotted for
mathematical calculations.

If a certain term of a useful formula is written incor-
rectly, 0.1 is subtracted for a minor mistake (eg. missing non-
dimensional factor); no mark is given if the mistake is major
(with non-matching dimensionality). The same rule is applied
to the marking of mathematical calculations: each minor mis-
take leads to a subtraction of 0.1 pts (as long as the remaining

score for that particular calculation remains positive), and no
marks are given in the case of dimensional mistakes.

No penalty is applied in these cases when a mistake is clearly
just a rewriting typo (i.e. when there is no mistake in the draft).

If formula is written without deriving: if it is simple
enough to be derived in head, full marks, otherwise zero
marks.

If there two solutions on Solution sheets, one correct and
another incorrect: only the one wich corresponds to the An-
swer Sheets is taken into account. What is crossed out is
never considered.

No penalty is applied for propagating errors unless the cal-
culations are significantly simplified (in which case mathemat-
ical calculations are credited partially, according to the degree
of simplification, with marking granularity of 0.1 pts).
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PROBLEM

Problem 3

Problem T3. Protostar formation (9 points)
i. (0.8 pts)
In thermodynamic equilibrium 7" = const — 0.2 pts.
(if not stated but used correctly — full marks)
pV = const — 0.3 pts.
Vo r® — 0.1 pts.

pocr 3 — 0.1 pts.
p(r1) =8 — 0.1 pts.
p(ro)
ii. (1 pt)
Ao —
t = M — 0.4 pts.
g
G
g = _m — 0.4 pts.
5
1
P LA pts.
m

iii. (2.5 pts)
First solution:

Understanding that we have effectively
interaction of two point masses — 0.5 pts.
(equivalently one may mention the oc r=2 force coming from
Gauss’ law; if not stated, but used correctly — full marks)

Idea of the motion as an ultraelliptical orbit — 1 pt.

Period of the elliptical orbit is equal to the period
of the circular orbit of the same longer semiaxis — 0.4 pts.
(if not stated but used correctly — full marks)

The longer semiaxis is r9/2 — 0.1 pts.
Equation(s) for the period — 0.3 pts.
We need half a period — 0.1 pts.

3

0
8Gm

Final answer t,_o =7 — 0.1 pts.

Alternative solution:

Understanding that we have effectively
interaction of two point masses — 0.5 pts.
(equivalently one may mention the oc r=2 force coming from
Gauss’ law; if not stated, but used correctly — full marks)

Energy conservation as a differential equation — 0.3 pts.

: : mwv? GMm __
(if only expressed through v (like 75~ — =200 =

if the differential equation of Newton’s 2" law (7 = —Cj—g@) is
given instead — 0.2 pts.)
(whichever the sign is) — 0.4 pts.

/ dr

t= | ——/———

\/2E + 2¢m
Integration and final answer — 1.3 pts.

iv. (1.7 pts)

Radiated heat equals the compression work — 1 pt.

E) — 0.1 pts,;
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[for mentioning or using the 15¢ law of thermodynamics (pos-
sibly in a wrong way) — 0.5 pts.]
W= —/pdV or W=-3 pAV — 0.3 pts.

(with either “+” or “—” — give full marks)

mRTO
= — 0.2 pts.
P=V pts
3mRT;
Calculating the integral, W = Mmoo 0.2 pts.
T3

v. (1 pt)

The collapse continues adiabatically.
(If used, but not written down, give full marks.) — 0.3 pts.

pV7" = const — 0.3 pts.
T x V™7 — 0.2 pts.

3v—3
T = TO( ) 0.2 pts.

vi. (2 pts)

In case of using energies (marks must not be subtracted for
fewer approximations, even in the final answer):

r 3v—3
T4—T0( 3) — 0.1 ptS.
T4

AQ + AIl = 0 — 0.4 pts.
ATl ~ —Gm?/ry — 0.6 pts.
AQ = meyTy — 0.4 pts.

R
cy = — — 0.3 pts.
I
1
RT 3v—4
Final answer ry = r3 < 0T3> — 0.1 pts.
umG
RTyrs\ T
I3+
Final answer Ty ~ T < 0r3> — 0.1 pts.
umG

In case of using pressures (again, fewer approximations are per-
mitted):

r 3v—-3
T4_T0< 3) — 0.1 pts.
T4

P4 = Phydrostatic —— 0.4 ptS.

P = BRT4 — 0.5 pts.
1

Phydrostatic = PgT4 — 0.4 pts.

Gm
~ 7 0.4 pts.
1
1
RT 3y—4
Final answer 74 = r3 ( 07‘3) — 0.1 pts.
umG
RTyrs\ 757
4—37vy
Final answer Ty ~ T < 073 > — 0.1 pts.
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PROBLEM

Problem 3

Problem T3. Protostar formation (9 points)
i. (0.8 pts)

T = const = pV = const
Vo r?

p(r1)

=923 =23,
p(ro)

=

SpxXrT

ii. (1 pt) During the period considered the pressure is negli-
gible. Therefore the gas is in free fall. By Gauss’ theorem and
symmetry, the gravitational field at any point in the ball is
equivalent to the one generated when all the mass closer to the
center is compressed into the center. Moreover, while the ball
has not yet shrunk much, the field strength on its surface does
not change much either. The acceleration of the outermost

layer stays approximately constant. Thus,

2 _
. (ro —12)

where

0

i

iii. (2.5 pts) Gravitationally the outer layer of the ball is in-
fluenced by the rest just as the rest were compressed into a
point mass. Therefore we have Keplerian motion: the fall of
any part of the outer layer consists in a halfperiod of an ultra-
elliptical orbit. The ellipse is degenerate into a line; its foci are
at the ends of the line; one focus is at the center of the ball (by
Kepler’s 1% law) and the other one is at 7o, see figure (instead
of a degenerate ellipse, a strongly elliptical ellipse is depicted).
The period of the orbit is determined by the longer semiaxis of
the ellipse (by Kepler’s 3'¢ law). The longer semiaxis is rq/2

0.1r3
Gm ’

2r2(ro — r2)
Gm

and we are interested in half a period. Thus, the answer is
equal to the halfperiod of a circular orbit of radius r¢/2:

()
centre of the cloud [
strong! elliptical orbit of the gas parce|

3
)

8Gm’

Gm
=05 — trso =T

(ro/2)?

21

7o
2tr~)0

2

area covered by the radius vector

Alternatively, one may write the energy conservation law
22

L — &m — E (that in turn is obtainable from Newton’s
IT law 7 = —Ci—zn) with £ = —C;—Z)”, separate the variables
dr _ _ 2Gm : : — _ dr

(& \/2E + 22™) and write the integral ¢ S Nt

This integral is probably not calculable during the limitted
time given during the Olympiad, but a possible approach can
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be sketched as follows. Substituting 4/2E + 2GT’" = ¢ and
V2E = v, one gets

ts [~ d¢

4Gm_/0 (v? — £2)?
1
T 403

L
v—¢§

1
v+E€

v

/ooo [@_5)2 § }dg'

Here (after shifting the variable) one can use [ % = In¢ and

v

OENE -

I g—g = —%, finally getting the same answer as by Kepler’s laws.
iv. (1.7 pts) By Clapeyron—-Mendeleyev law,

mRTO

P=y

Work done by gravity to compress the ball is

70
In —.
T3

/%”3 dV _ 3mRT,
a3 V B M

3770

The temperature stays constant, so the internal energy does not
change; hence, according to the 1% law of thermodynamics, the
compression work W is the heat radiated.

v. (1 pt) The collapse continues adiabatically.

pV7 = const = TV?~! = const.

ST o V7Y o 3737
3v—-3
ST =T (Ii) .
r

vi. (2 pts) During the collapse, the gravitational energy is con-
verted into heat. Since r3 > 74, The released gravitational en-
ergy can be estimated as AIl = —Gm?(r; ' —r;') =~ —Gm?/ry
(exact calculation by integration adds a prefactor %), the ter-
minal heat energy is estimated as AQ = Cv%(T4 —Ty) =~
cy %T4 (the approximation Ty > T follows from the result

of the previous question, when combined with r5 > r4). So,

AQ: R m

e RS %RT4. For the temperature Ty, we can use
the result of the previous question, Ty = Tj (:—2)

3v—3
. Since

Y1 p

initial full energy was approximately zero, AQ + All =~ 0, we

obtain
Gm’ s RTyry\ ™
m ~ TRTO <T—3> — T4 =T3 ( 0T3) .
T4 T4 umG
Therefore,
3y-3
RToT‘g -3y
Ty =~ T .
e ( pmG )

Alternatively, one can obtain the result by approximately
equating the hydrostatic pressure pm%? to the gas pressure
4

Py = ﬁRT4; the result will be exactly the same as given above.
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