To Xrpopa Hayov tng I'porhavéiag T3

Copenhagen Denmark 7-15 july 2013

Ewayoyn
To wpoPinua avtd oyetiCetor pe ™ ELOKN €vOg oTpOUATOS TAyov ot ['pothavdia, o dedTepo
peyalvtepo Tayet@va otov Koopo, Ew. 3.1(a). T'a e&davikevon, povtehorolovpe ™ I'pothavdio
®¢ £éva vnol oynuotog opboywviov pe mAdtog 2L kot pKog 5L pe v em@dveila Tov 34¢povg vo
Bpioketor oto eminedo g OdAacoag Kot vo KaAOvTTETOL TANP®G L acvuriesto nayo (otabepn
TUKVOTNTO 2;..), PAETe Ewc. 3.1(b). To vyog g £yKapclag TOUNG TOV GTPOUATOS TOL Thyov H (x)
dev €€apTATAL OO T GLVIETOYUEVT ¥ KOl aLEAVETOL 0o TV T UNdév oTig aktéc, x = *L, og
éva péyoto vyog H, katd pnrog g devbuvvong Poppdc-votog (aEovag ¥), 6to PéEGo Tov G&ova X,
YVoot6 o¢ ydopa ndyov, PAéne Ew. 3.1(C).

(a)

(b))

5L

© | K

Ewova 3.1 (a) Xdaptng g I'pothovdiog mov deiyvel Tnv €ktaon TOv 6TPOUNTOG TAYOL (AOTPO), TIG UKTEG
yopig mhyo (mpdowvo), kot tov mepidirovia wkeavo (umke). (b) H yovdpoedng povielonoinon tov

otpduaTog Tayov g I'pothavdiog wg opboymdvio mov kakvrtel 1o eninedo x¥ pe mAdrog 2L kan prAkog L.
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To ybopa mhyov, N YPOUUY TOL HEYIGTOL DYOLS TOL GTPOUATOG Thyov Hyy kotd pnkog tov déova V. (C)
Eyxépoio topr] (eminedo xZ) tov otpdpatog méyov mov deiyver to Vyog Hix) (umhe ypaupn). To vyog
H(x) etvar aveldptnro g cvvtetayuévng ¥ yo 0 < v < 5L, 10 omoio métel omdtopa 610 pndév ya
¥ = 0 xor ¥ = 5L. O d&€ovag Z onuatodotei to yhopa tayov. o gukpivela, ot kabeTeg SlAOTAGES EYOVV
avénBel ektoOg KMpOKaG o€ oxéon pe TG oplovtieg dlaotdoelc. H mukvotnta @i:. TOL TdyOL ivon otabep).
Avo Xpniopeg oyéoels

e aVTd T0 TPOPAN UL LTOPEITE VO YPTCLUOTOUCETE TO MO KAT® OAOKA PO

J-lf—l da=2
V1i—xdx=—
o 3

Kot tnv mpocéyyion (1 + x)® ¥ 1+ ax, nov woydel yo |ax| << 1,

To Yyog TG £YKAPOLEG TOUTNG TOV GTPONATOS TAYOV
Oewpnote OTL Yo HKPE YPOVIKA OOCTILOTO O TOYETOVOS £IVOL £VOL ACLUTIEGTO VOPOGTATIKO
ocvoua pe otabepd Vyog eykapotag toung H(x).

No yphwyete ) oyéon yo v mieon p(x, ) uéoo 6To GTPOUA TOV TAYOL GLVAPTHOEL
3.1 |z0v kGBeTOV VYOG Z TAVE® 0o TNV EMPAVELL TOV £3GPOVS KOl TNG ATOCTACTG X OO TO 0,3
YOG Lo Thyov. AYVoNGTE TNV OTHOGPOLPIKT] TTEST).

OepnoTE U0 KATOAKOPLON TAGKO TOV GTPMOUATOC TAYOV GE 1GOPPOTID, TOL KOAVTTEL LU0 LUKPT
opllovtio. emedvelo, pe gupadov Paong AxAy petafd x ko x +Ax, PAéne TG KOKKIVEG
dwaxekoppéveg ypauués oty Ew. 3.1(c). To péyebog tov Ay dev €xel kapud onuocio. H olwkm

oplovtia cvvictoca AF g duvaun otig 000 Kabeteg TAELPES TNG TAGKOGS, TOL OMovpyEiTal amd
™ S1POopE VYOLG OVALESH GTO KEVIPO KOl GTNV AKPNG TNG TAELPAS, €E0VOETEPOVETAL OO L
dvvaun g AF = 5y AxAy and 1o £€d0¢poc ot Pdomn tov eupadod AxAy, onov Sy, ovoudleTon

EMPAVELOKT Tdom 5, = 100 kPa.

I dedopévn Tun tov x, dei&te 6tL ot0 Op1o Ax — 0, 5§, = kH dH /dx, ko1 vmohoyiote

3.2a 0,9
0 k.
Na ypayete o oyxéon yio to Vyog H(x) cuvapthicel tov peyedodv gi.., g, L, 5, kat

3.2b| g andotacng x and o ydopa ndyov. To anotélespa Oo dei&et, 0Tt TO PEYIGTO VYOG 0,8

’ ’ Je It )
0V TayeTd@vo Hy, givar avéloyo g piCag tov L, H_ oc LY2

3.9 O ohkdg 0yKog V.. TOV OTp®UOTOS TAYOL oyeTileton pe o epPadd A tov opboywviov 05
.2C )
VMooV pe po oxéon g popeng V.. o AY. Na npocdiopicete tov exbétn ¥.

"Eva, Ouvopiko oTpopa Tayov

Y& peyaAtepeg KMpaKeS xpovov, o Tdyog eivatl £va ToyVPELOTO AGLUTIEGTO VYPO, TO 0TOi0, AOY®
g PapdTag, pEet amd To KEVIPO TPOS TIG OKTEC. XE OVTO TO HOVTELD, O TAYOog dtatnpel To VYOG
tov H{x) og wa otabepn tiun, 6mOv 11 GLGGMOPELON TAYOL ATd TNV TIMGCN YLOVIOD GTO KEVTPO
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160oppomel T0 MOGIO TV TAY®V oTlG 0KTéG. Emmpdobeta g yewpeTpiag TOV GTPOUATOG ThyoL
tov eikovov 3.1(b) kot (€) va kdavete tig akdiovbec vrobéoelc:

1) O mdyog péet 610 eninedo xz pokpld amd 1o yaoua tayov (aEovog ¥).
2) O pvOuds svsodpevong ¢ (Mlyear) otny Kevipikn neployn ivar otadepdc.
3) TIdayog drapedyel amd TOV TOYETMVO. LE TO MOGO TOV KOVTIG 6TIS 0KTEG Omov x = *L.
4) H opilévtia x cuvietdoa TG TaxdTNTOG POoNg Tov whyov v, (x) = dx/dt elvar aveEdpnm
TOL Z.
5) H kdfet z cvvictdoa TG TodTNTAG pOoNG ToL Tayov v.(z) = dz/dt givar aveEdptntn TOVL
x.
Oewpnote LOVO TNV KEVIPIKN mepoyn |x| << L kovid otn péon Tov GTPMUNTOC TAYOV, OTOL Ol
LETAPOAES TOV VYOLS TOV GTPAOUATOS TAYOV Eivat TOAD HKPEG Kot Hmopovv va ayvonfodv, dniadn
H(x)~ H_,.

Na ypnotpomomoete t dwotnpnon g nalag yua va Ppeite m oyéon yuo v oploviia

, , , , 0,6
ToOTNTO pONG V.. (X)) cLVapPTNGEL TOV pEYEDDV €, X, Ko Hy,.

3.3

Oewpivtog 6Tl 1 TVKVOTNTO TOV TTAYOL gival oTafepn 2;.., ONAAN OTL Eival acvuTiesToC, Kot omd
™ dwtnpnon ™m¢ palog TPokvTTEL OTL IKAVOTOLEITOL 1| GXECN YL TIG GUVIGTAGEG TNG TOYVTNTOG
pong:

dv, dv,

E + E =0

No ypayete t oyéon yo TV KAOETN GLUVIGTOG TG TOXVTNTAC PONG TOV TTAyoL . (z)

3.4 ) 0,6
6€ GLVAPTNON TOV Z .

‘Eva pikpd copatidlo mhyov pe apykés ovvtetoypéveg 0éoeig (x;, H(x;)) 0o kvnbei, 6o mepvd o
YPOVOC, MG UEPOG TOV GTPOUATOS TAYOV, KOTO UAKOG TNG TPOXLAS pong Z(x) oTo KATaKOPLOO

eninedo xz.

3.5 |Na g&ayete i oxéon g tpoyLig pong z(x). 0,9

AgIKTEG NAMKIOG KOl KAMPOTOG 6TO OVUVOUIKO GTPONA TAYOV

Boaoiopévol otig owviotdoeg v, (x) kor v.(z) g ToydTTOG PONG TOL TAYOL, UTOPOVUE VO
eKTIUNoovpE TV NAKia T(Z) Tov mdyov oe cvykekpipévo Pabog H,, — z amd ™V EMPAVELL TOV
GTPMOUATOS TTAYOV.

36 I'payte TV €kppaon TG nAkiag T(z) Tov TAYoL MG GVVAPTNGT TOV VYOLS Z TAV® and 10
R £00.p0g, akpPmg oTo onueio ydouatog Tov mdyov x = 0. ’

Eéopvcoovtag éva mupfiva mayov omd 10 €0MTEPIKO TOL [PoAaVIIKOD GTPOUOTOS TAYOUL,
OlOEPVOVLE TO. CTPOUOTO YLOVIOV TOL TAPEABOVTOC. AVOADOVTAG TOV TLPNVO OTOKOADTTOVUE
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nponyovpeves kKAMpotikég aAlayéc. ‘Eva and toug kaAbtepovg Oeikteg €lval 0 amOKOAOVUEVOS
50, mov opileton wg:

R.
5180 = R—F 1000 %o,

ref
6mov o 6poc B = [¥0]/[1*0] dnidver ™ oyetikh apbovia tov 800 otadepdv 166ToT®mYV 0EVYOVOL
POg n T GYETIKN QP p Y

20 ko 0. H ovagopd R..; Paciletor 6TV 1G0TOMKY GOVOESH TV MKEAVAOY YOP® OO TOV

Ionpepwvo.
@ 10— —— (b) 30— T T T
0 232} i
-34 .
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£ £° ‘
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Ew. 3.2 (a) Hopotnpoduevn cvoyétion petald tov §1%0 oto y16vi og mpog ™ péon oo Oeppokpacia
eddgoug T. (b) Metproeig Tov F0 wc npog 10 Paboc Hyy — 2 omd v emedvelo, mov AMednkav amd
TUPTVOL TTAYOL OO TNV EMPAVELN £®C TO £60PIKO VIOPudpo o€ cLYKPLUEVN Tomobesio KaTh UKOG TOV
T'potlavdikov yaopatog éyov, omov Hy, = 3.060 m.

Hopatpricelg Tov Ipotkavdikod dHAkov TTéyov deiyvovy 61t t0 §F0 610 Y16VL KATE TPOGEYYIoN
petapdiretar ypoppud pe m Oeppokpacia, Ew. 3.2(a). YrnoBétovtag 0t awtd ioyve avékabdev, 10
50 mov lopPévetar amd éva mopriva mhyov oe Pabog H,, — z odnyel oe o extiumomn g

Beppokpaciog T kovtd ot Ipothavdia o nhcia T(z).

Metphoeic Tov & 20 og évo mupriva Thyov prxovg 3060 m Seixvovv i omdToun adiayn tov §°0
o€ Baboc 1492 m, Ew. 3.2(b), onueiwvovtag 1o T€A0¢ TG televtaiog emoyns mayetovov. H emoym
TV mayetdvov Eekivnoe 120.000 ypdvia mpv, avtictorymvtag o Babog 3.040 m, kot n Tpéyovca
pecomayeTmvikny enoyn Eexivnoe mpv amd 11.700 ypdvia, avtictoryllduevn o Pabog 1.492 m.
YnoBéote 0Tt avtég o1 S0 mEPiodoL PUTOPOVV va TEPLYPAPOVY amd dVO JAPOPETIKOVS PLOLOVG

CLGGMPEVONG, C;5 (ETOYN TOV TOYETOVOV) KOL €z (LECOTAYETOVIKY ETOYT]), AVTiGTOYO.

3.7a Ynoloyiote Tovg puOUOUG GUYKEVIPWONG C;4 KOL Cy. 0,8
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3.7b | Xpnowonomorte ta dedopéva g Eik. 3.2 yio va Bpeite v adhayn Oeppokpaciog katd | 0,2
N HETAPaoT amd TNV ETOYN TOV TOYETOV®OV OT| LECOTOYETMVIKT ETOYT.

AvOymon Tov emmédov 6 0dracoag amd T T™EN Tov ['porhavorkov
Yrpopoartog [Hayov

H mpng mén tov ['potkavdikod Ztpopatog Ildyov Oa mpokaiécet po maykOGHO AvOd0 TNG
Boldootog otdOung. e pio yovopoELdn TPOGEYYIoT AVTNS TNG avddov, UTopovuE Vo Bewpncovpe
TNV OLOIOLOPPT AVOYOGT] OAOV TOV OKEAVOY uPadod icov mpog Ag = 3,61 x 10 m?,

Ymoloyiote ™ péom maykocuia dvodo g Baidooiog otabung, mov Ba Tpokdyel amd
3.8 |V mipn &N tov I'porkavdikov Xtpopotog Ilayov, dedopévng g onuepwig| 0.6
emeaveiog Ac = 1,71 X 10%m? ko 5, = 100 kPa,

To tephotio I'pothavokd Ztpopa [ldyov aoxel g Baputikny €AEN otov yOpm wkeavo. Av 10
2Tpodpa MMGEL, 1 TOmK) TANppvpida Ba xabel ko 1 otdbun g 6dhaccag Ba yapnAdoel og
TEPLOYES KOvTA ot I'pothavdia, gatvopevo mov peptk®dg avtiotaduilel mv dvodo g otddung mov
vrToAoyioTNKE VOpiTEPO.

[Noa v extipmon avtg g Poapvtikng éAEng oto vepd, 10 [potkovowd Ztpopa I[Idyov
LOVTEAOTTOLEITOL TOPO OOV [0 OUELWNKT] HAla Thyov Tomofetnuévn 6To EMImEdO TOV £3APOVG, Kot
péla ton mpog tn cvvolkn pdlo tov I'pothavoikod Ztpopoatog Ildyov. H Komeyydyn Bpiokeror o
andotaon 3.500 km katd pnkog tng empdvelag g I'mg and ™ onuewokny pdlo. Mmopodue va
Oswpnoovpe Ot n I'm, yopig ™ onuewokn pdla, eivar ceapkd CLUUETPIKT Kot OTL O MKENVOG
KOAMOTTEL OA TV EMQGVED TG e epPadd Az = 5,10 X 10**m?* . Mnopsite va ayvonoete 610 Ta
QOVOLEVO TOV TPOKVTTOVV OO TNV TEPLGTPOPT TNG YOP® OId TOV E0VTO TNC.

Bdoet tov povtédov awtov, vmoAoyiote T S10popd hepy — hgpp avapeso otn otdOun
3.9 | g BdAaccoc otnv Komeyydyn (heopy) Kot ekeivig og onpeio dStopuetpikd avtibeto g 1,8

I'potkavdiog (hgpp).
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®orro Amavticeov K mdikog Xmpag (2 ypaupara) |:| Ap1Ou6s Mabn (1-5) E

31|p(x,z) = 0,3
32alk = 0,9
3.2b|H(x) = 0,8
32c|ly = 0,5
3.3 |v,(x)= 0,6
3.4 v (z)= 0,6
35 |z(x) = 0,9
3.6 |Hlicio tov mdyov o€ ded0pévn amdotacn Tave oo o £60¢oG: T(z) = 1,0
3.7a|c;, = Cig = 0,8
3.7b|AT = 0,2
38 l;IowKécpua dvodog g Bordooiog otabung €& attiog g ™MENS Tov I'pothavdkod Tayov 0.6
3.9 | Awgpopd emmnédmv B0Aac0G: Acpy — hgpp = 1,8

THvodo 9,0
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Solutions

The pressure is given by the hydrostatic pressure p(x,z) = p;..g(H(x) — z), which is
zero at the surface.

3.1 0.3

The outward force on a vertical slice at a distance x from the middle and of a given

width Ay is obtained by integrating up the pressure times the area:
Hix)

1 -5
FO) =87 [ Preag (HG) =2) dz =3 87 pies g HGEY
o

3.95 |Which implies that AF = F(x) — F(x + Ax) = —%&x = —Ayp,.. g H(x]%&x, 09

This finally shows that
AF

__&xﬂy

s = H( ]dH
b - Pice 4 X dx

Notice the sign, which must be like this, since 5, was defined as positive and H(x) is a
decreasing function of x.

To find the height profile, we solve the differential equation for H(x):

5 dH 1d .
2= H(x)—=-—H(x)*
J‘:"lceg dx de

with the boundary condition that H(L) = 0. This gives the solution:

25,L ———
H(x) = |/ [1—x/L
~ Pica &
. . . . | 25,1
Which gives the maximum height 5, = —
W Fice

3.2b 0.8

Alternatively, dimensional analysis could be used in the following manner. First notice
that £=[H,]=[p g°rjL°] Using that [p, ]=2L"3 [gl=£LT73
[t,] =nmL~t777 demands that
L=[H,]=[p;%gF1, %] = pretrp-3arfvsé p=28-2r  which again implies
a+y=0 —3a+fFf—y+45=1, 2f + 2y = 0. These three equations are solved to
givea = § = —y = § — 1, which shows that

Iy ¥
H, o (_) =
pﬂlcag
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Since we were informed that H,, o< VL | it follows that ¥ = 1/2. With the boundary

condition H(L) = 0, the solution then take the form

H[x]oc( > ) VL —x

Pice 4

The proportionality constant of v/2 cannot be determined in this approach.

For the rectangular Greenland model, the area is equal to A = 10L* and the volume is
found by integrating up the height profile found in problem 3.2b:

1/2 .
Vosee = (5L)2 [ H(x) dx = 10L [ [Pl::g] JI—x/Ldx =10H,L* [[1— % d&
2 i 1 2 ~ P
3.2c zlﬂHmLﬂ [_;(1_%]3.-&] Z?DHmL‘ DCLEH1 0.5

o

where the last line follows from the fact that H,, o< +/L. Note that the integral need not

be carried out to find the scaling with L. This implies that V.. o< 4.%/* and the wanted

ice

exponent isy = 5/4.

According to the assumption of constant accumulation c the total mass accumulation
rate from an area of width Ay between the ice divide at x = 0 and some point at x = 0
33 must equal the total mass flux through the corresponding vertical cross section at x.

0.6
That is: pcxAy = pAyH,_ v, (x), from which the velocity is isolated:
i
v, (x) = H_m
From the given relation of incompressibility it follows that
de, dv, ¢
34 dz  dx H, 056
" |Solving this differential equation with the initial condition +.(0) = 0, shows that: '
CZ
v (z) = _H_m
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3.5

Solving the two differential equations

dz CZ dxr cx

& Hm, ™ & &,

with the initial conditions that z(0) = H_,, and x(0) = x; gives
zZ() = H_ e *Fm  and  x(t) = x, °/Fm

This shows that z = H,, x; /x, meaning that flow lines are hyperbolas in the xz-plane.
Rather than solving the differential equations, one can also use them to show that
dx dz cx cz

d
—_ e —_— —:l:l
e v e Ak

m m

which again implies that xz = const. Fixing the constant by the initial conditions, again
leads to the result that z = H, x, /x.

0.9

3.6

At the ice divide, x = 0, the flow will be completely vertical, and the t-dependence of =z

found in 3.5 can be inverted to find 7(z). One finds that T(z) = HT'“ln (H—“‘)

=

1.0

The present interglacial period extends to a depth of 1492 m, corresponding to 11,700
year. Using the formula for =(z)from problem 3.6, one finds the following accumulation
rate for the interglacial:

HEI'.I. HEI'.I.
Cip = ln( rn) = 0.1749 m/year.
£ 11,700 years \H_ — 1492

The beginning of the ice age 120,000 years ago is identified as the drop in §*20 in
figure 3.2b at a depth of 3040 m. Using the vertical flow velocity found in problem 3.4,

on has = = —Hidt, which can be integrated down to a depth of 3040 m, using a
= m
3.7a stepwise constant accumulation rate: 0.8
H Hp—3040 m
()=, [ L
m P \H_ — 3040 =1 z
m
120,000 year 11,700 year
= J ci.E. dt—'— J- l:'lg dt
11,700 year o
= €1,(120,000 year-11,700 year)+c;, 11,700 year
Isolating form this equation leads to ¢;, = 0.1232, i.e. far less precipitation than now.
3.7b | Reading off from figure 3.2b: 60 changes from —43,5 %o to —34,5 %o. Reading off| 0.2
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from figure 3.2a, T then changes from —40 °Cto —28 °C. This gives AT # 12 °C,

From the area A¢ one finds that L = /4. /10 = 4.14 X 10® m. Inserting numbers in
the volume formula found in 3.2c, one finds that:

20 o [ 25y 15 3
Veice == L% |—— =345 X 10" m
38 3 .\JP[:EH 06
This ice volume must be converted to liquid water volume, by equating the total masses,

Pice

Le. Vowa = Voo = 317 X 10'* m®, which is finally converted to a sea level rise,
wWa

as h

_ Vowe _
G_.!"i.BE- - T —_— B.?g ITl.

3.9 1.8

Figure 3.S1 Geometry of the ice ball (white circle) with a test mass 1 (small gray circle).
The total mass of the ice is

Mo = Veice Pioe = 3.17 X 10 kg = 5.31 X 107 'mg

The total gravitational potential felt by a test mass m at a certain height h above the

surface of the Earth, and at a polar angle & (cf. figure 3.S1), with respect to a rotated

polar axis going straight through the ice sphere is found by adding that from the Earth
with that from the ice:

U = Gmgm GM,..m
tDt_ RE_I_h T

1 M:‘cafms)

= —mgR
ma E(1+hm5 /R,

where g = Gmg/RzZ. Since h/Rg << 1 one may use the approximation given in the
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problem, (14 x)™* & 1 — x, |x| < 1, to approximate this by

u o B (1 h’ +Mica:fm£')
ot mg B RE TfRE "

Isolating k now shows that A = h, +"":E—$ Rz, where hy, = R, + U_,./(mg). Using

again that h/Rg < 1, trigonometry shows that » & 2R;|sin(&,/2)l, and one has:

M, ./mg P 1.69m
2lsin(8/2)1" % Isin(6/2)I

h(6) — hy ¥

To find the magnitude of the effect in Copenhagen, the distance of 3500 km along the
surface is used to find the angle f.py = (3.5 X 10° m)/R; ¥ 0.549, corresponding to

hepy — hy * 6.25 m. Directly opposite to Greenland corresponds to & = m, which gives

hgpp —hy ® 1.69 m. The difference is then hcpy — hgpp * 4.56 m, Where hy has
dropped out.

Total

9.0
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