T1 Marking Scheme

Particles from the Sun

Photons from the surface of the Sun and neutrinos from its core can tell us about solar lemperatures
and also confirm that the Sun shines hecause of neclear reactions.

Throughout this problem, take the mass of the Sun w0 be 4. = 200 « 10" ke its radius, 7, =

7.00 ¢ 1O m. its luminosity {radiation ecnerey emitted per unit time), Lo = 3.35 » 102 W, and the
Earth-Sun distance, d- = 1.30 = 10" m.
Note:
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AL Radiation from the Sun :

(AL} Assume that the Sun radiates like a perfect blackbody. Use this fact to calculate the temperature,

T, of the solar surface.

| Solution:

Stefan's law: [

=576 x 0K

The spectrum of solar radialion can be approximated well by the Wien distribution law. Accordingly,
the selar cnergy meident on any surface on the Earth per unit lime per unit frequency interval, ufe),
15 given by
-
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where A 15 the area of the surtface normal 1o the direction of the incident radiation.
Now, consider a solar cell which consists ol a thin disc of semiconducting material of arca, A, placed
perpendicular (o the direction of the Sun’s rays.

(A2} Using the Wien approximation, express the otal power, . incident on the surface of the solar

cell, interms of A, i, da, T and the fundamental constants ¢, &, kg
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( Solution:
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a by dimensional analysis gets 0.1 in the last step, if the entire numerical faclor is not
correct (the powers of all parameters mentioned in the question should be correet),

(A3} Express the number of photons, n. (¢}, per unit tme per unit frequency interval incident on the
surface of the solar cell interms of A, Fa, do 7L vand the fundamental constants o b &y,

Solution:
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The semiconducting material of the solar cell has a “band gap™ of cncray, [, . We assume the follow-
ing model. Every pholon of energy £ = £, excites an clectron across the band zap. This clectron
contributes an energy, £, , as the uselul output enerey, and any extra energy is dissipated as heal (not
converled 10 useful cneray).

(A4} Define 2y = duy /el where 5, = hw,. Express the useful output power of the cell, £, in
terms of ., A, Ao, e, 75 and the fundamental constanes o, b, by,

Solution:
The useful power output is the useful energy quantum per photon, 2, = he,, multiplicd by
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the number of photons with encrgy, & > F,.

P = o [ mfia

IF the answer to the ficst part is only partially correct:
| 0.3 [or hu, outside the integral sign
0.2 for the correct lower limit of the integral correct

(A5) Express the efficiency, n. of this solar cell in terms of r..

(AB)

Solution:
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Carey over from the Allernative Solution of (A2
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| The two answers are close, since — =052

[neorrect value of 4 caleulated correctly as the ratio of earlier caleulated /7, and £,
owill get credit ONLY [F it is dimensionless.

Make a qualitative sketch of i versus .. The values al x, = 0and 2, — 50 should be clearly
shown. Whal is the slope of 5w} at 2, = 0 and 2, - o7

Solulion:

(222 4 e [

Put limiting values, n{ll} — 0 nloo) = 0.

Since the polynomial has all positive coefficients, it increases monotonically: the exponential
function decreases monotonically, Therefore, i has only one maximum.
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Carey over Trom the Alternative Solution of (AZ2):
di S %
- rl 2z, + 2 T
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T =Zegn L 0
da, T dr, Sk
0.2 mark EACH for the correct values and slopes at x, = 0 and 1, — 2. 0.8
A smooth curve with ONE and ONLY ONE maximum, B
If the expression for ¢ is incorrect bul carried forward correctly, credit may be given
for slopes at {0 and oc.
However, the value of 5 has to be 0 at &, Oand &, — o since these are the only
physically meaningful answers,
(AT} Let g be the value of x, for which 5 is maximum. Obtain the cubic equation that gives g,
Estimale the value of xy within an accuracy of £0.25, Henee caleulate nieg). [L.0]
Solution:
; ] dn £ : . e
The maximum will be [or = ‘;L—.'z.'g + T: By +2e T 1)
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A Numerical Solution by the Bisection Method:
Now,
p0) = =2
: p(l) = —
[ pl21 = =2
pl3) = 10 =
p(2.5) = 2375 =
p(2.28) = —0.171 =
The approximate value ol x, where 5 is maximum is g
Alternative methads leading to the same result are acceptable.
Answer in the range 1.95 < xp < 2.53 .4
Answerinthe range |75 < xp < 195 0r 255 < 1q < 2.75 (0.3}
Answer in the range 1,50 = oy < 172 or 2,70 < 3y <2 3.00 {0.2)




The above (L4 marks for the numerical answer to be given only if the numerical analy
is done for a cubic equation. Solving for an incorrect linear / quadratic or similar
simpler equation does not get credit,

|
However, if instead of obtaining a cubic equation, the original i has been maximised by
numerical means and the answer is coreeet, then these 0.4 marks may be ziven.
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457 (two significant figures sccepted, range 0245 - 0.47 OK) ‘

(AZ) The band gap of pure silicon is 5, = 1.11 eV, Calculate the elliciency, g, of a silicon solar cell
using this value,

Solution: . ;
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Mg = |rf 28, + 2)e = 0L.457
Carry over from the Allernative Solution of (AZ): |
{
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In the late nineteenth century, Kelvin and Helmholiz (KH) proposed a hypothesis 1o explain how the
Sun shines. They postulated that starting as a very large cloud of marter of mass, M. | and neglicible
density, the Sun has been shrinking continuously. The shining of the Sun would then be due 1o the
release of gravitational eneray through this slow contraction.

(A9) Let us assume that the densily of matter is uniform inside the Sun. Find the 1otal eravitational
potental energy, 2 of the Sun al present, in terms of &, Moand .

Solution:
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A dimensional analysis with a final answer of

. 302
A final answer of + = -
) -ffg;.

will earn 0.1 mark since the sign has a crucial physical

significance.

(ALY Estimate the maximuwm possible time ryey (in vears), for which the Sun could have been shin-
P b
ing, according to the KH hypothesis. Assume that the fuminosity of the Sun has been constant
throughout this period.

e

10.2]

0.1

0.1

(0.1}

[0.3]

0.1

0.2

(0.1}

(0.1)




Solution:
THH =
A0

2 R-E: .Ir.'(._')

188 x EUch&rs

THH =

In final answer is negative, deduoet 0.2 here.

IFthere was a sign error in A9, bul the answer here finally is positive, no marks deducted
in AL0.

The 7y calculated above does not mateh the age of the solar system estimated from studies of mete-
orttes. This shows that the energy source of the Sun cannot be purely gravitational,

I3 Neutrinos from the Sun:

n 1938, Hans Bethe proposed that nuckear fusion of hydrogen inte helium in the core of the Sun is
the source of its energy, The net nuclear reaction is:

PH — He + 2" + 2

The “electron neutrinos™, v, produced in this reaction may be taken 1o be massless, They cscape the
Sun and their detection on Earth confirms the occurrence of nuclear reactions inside the Sun. Eneroy
carried away by the neutrinos can be neglected in this problem,

(B1) Caleulate the fux density, @, of the number of newtrinos arriving al the Earth, in units of
m Zs° ! The encrgy released in the above reaction is AL = 4.0 x 107" . Assume that the
energy radiated by the Sun is almost entirely due to this reaction.

Solution:
4% 1077 e 20
L 3.85 = 10 :
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£ trdf oL X T x (L30 % 1012 x 40 % 10 2 BRI
0.1 lor each step, 6.5-7.0 range OK

Travelling from the core of the Sun W the Earth, some of the electron neutrinos, v, are converled to
other types of neutrinos, v, The efficiency of the detector for detecting v, is U6th of its efficiency
lor detecting v, If there is no neutring conversion, we expect to detect an average of &) neulrinos in
a year. However, due (o the conversion, an average of Vs neutrinos (v, and -, combined) are actually
detected per year.

(B2} Interms of V, and N, caleulate what fraction, [, of v, s converted o .

Solution:
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Ny = el
Ne = eMNpll — [}
Vo = eNpf /6
My = N+ IV,
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In order o detect neatrinos, large detectors filled with water are constructed. Although the interactions
ol neutrinos with matter are very rare, occasionally they knock out electrons from water molecules in
the detector. These encreetic slectrons move through water at high speeds, emilling electromagnetic
radiation in the process. As long as the speed ol such an electron 1s greater than the speed of light
i water (refractive index. n), this radiation, called Cherenkov radiation, is emited in the shape of a

GO,

(B3) Assume that an elecron knocked oul by a neutrino loses energy al a constant rale of e per
unit lime, while it travels through water. 1f this electron emits Cherenkov radiation for a time
Al determine the energy imparted 1o this electron (Fg e by the neutring, in terms of
e, AL e, e (Assume the electron to be at rest before its interaction with the neutrino.)

Solution:

When the electron stops emitting Cherenkov radiation. its speed has reduced 10 Uepon =T
lis total energy al this e s
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0.3 marks here if the answer is incorrect, but relativistic nature of the problem is un-
derstood.

The energy of the electron when it was knocked out s
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Belore interacting,

the energy of the electron was equal o e,

Thus, the energy imparted by the neutring is
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For partial eredit, check which of the above steps have been completed.
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The fusion of H into He inside the Sun takes place in several steps. Nucleus of “Be (rest mass, g,
15 produced in one of these intermediate steps. Subsequently, it can absorb an electron, producing a
TLi nuelews (rest mass my; < g ) and emitting a . The corresponding nuclear reaction is:

Be | e” T

When a Be nucleus (mp. = 1165 % L07% ko) is at rest and absorbs an electron also at rest, the emitted
neulring has enerzy &, = 141 = 10771 However, the Be nuclel are in randorn theemal motion due
o the temperature 7, at the core of the Sun, and acl as moving neulrino sources. As a result, the
energy of emitted neatrinos Quctuates with a rool mean square value A

(B4y IF AR = 3.04 % 100V ], caleulate the rms speed of the Be nuelei, Vi, and hence estimate 7.
(Hint: A, depends on the rms value of the companent of velocity along the line of sighl)

[2.0]
Solution:
Moving "Be nuclei give rise to Doppler effect for neutrinos. Since the [ractional change
in energy (AR LA, ~ LO7Y is small, the Doppler shift may be considersd in the non-
relativistic limit (a relativistic treatment gives almost same answer), Taking the line of sight
along the z-direction,
ﬁ 'Ir":.llll."\ o [ rirs 0‘4
55 e
= 38 x 1077 0.1
_ L e
V3 e 0.5
= Ve = Vo X383 x 107 %300 x 108 ma~" = 200l % 10° ms . 0.2
The averagze temperature is obtained by equating the average Kinelic energy to the thermal !
cnersy.
1 I
~mp Vg = kT, Y
2 2
> Ti=113% 10K 0.2
The prefactor of £;7. may be anywhere between 1/2 and 3/2 to get full credit.




