The Extremum Principle
Solution

A, The Extremum Principle in Mechanics

Deduct 0.1 if units missing in final answer upto a maximum of 0.5 points
Consider a horizontal frictionless ooy plans .
shown in Fig. 1. Tt is divided into two regions, A 0 P
I and I, by a line AR satislyving the equation Af(_:-:_'
x = x;. The potential energy of a point parti-
clie of mass m in reglon [is Vo= 0 while it is

Vo=V inregion IT. The particle is sent from =V
the origin O with speed v, along o live making
an angle &7 with the w-axis. Tt reaches point P
i region IT traveling with speed vs along a line >
that makes an angle #y with the o —axis. Ignore x

. iy : _ et Figwre 1
gravity and relativistic effects in this entire task

T-2 [all parts), Figure |

{AL) Obtain an expression for vy in terms of m, v and V.

Solution:

Lrom the principle of Conservation of Mechanical Enerey
1 Bl

. . y
P - T s
Smay = omeg + W
AT
- kg ’
o= I:"f"i_ . ___:qu
m

(AZ) Express vy in terms of o, 8; and 0.,

Solution:

At the boundary there s an impulsive foree (o0 dV/de) in the — 7 direction. Hence |
only the velocity component in the @ —direction v, suffers change . The compaonent in
the y—direction remaing unchanged. Therefore

E'H} = |'.-‘2y

vy sind, = vy sind,

We define a guantity called action 4 = mf v(s)ds, where ds is the infinitesimal length along
the trajectory of a particle of mass m noving with speed v(s), The integral is taken over the
path. As an example. for a particle moving with constant speed v on a cireular path of radins
£, the action A for one revolution will be 2mm Ry, For a particle with constant encrgy F, it can
be shown that of all the possible trajectories between two fixed points, the actual trajectory is
the one on which A defined above is an extremum (1ninimum or maximum). Historically this
15 known as the Principle of Least Action (PLAY
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(A3) PLA implies that the trajectory of a particle moving between two fixed points in a region
of constant patential will be o siraight line. Let the two fixed paints O and P in Fig. 1
have coordinates (0,0} and {zgp0) respectively and the baundary point where the particle
transits from region I Lo region IT have coordinates (#),a). Note 2 is fixed and the action
depends on the coordinate o only, State the expression [or the action A{a). Use PLA to

obtain the the relationship between v fve and these coordinates. [1.0]
Solution:
By definition A(e) from O to P s
yo ooy , . .
Aln) = iy @+ o 4 gy (g — 22 + (g — a)? 0.3
(0.1 for first and 0.2 for second expression = 0.3 points)
Differentiating wor.t. a and setting the derivative of A(a) Lo zero 0.3
=y sl — k)
| Pk _ _T.'_E\U(J 23 iy |
(af + 0212 [{zg— 112 + (o — )72 0.2
o (—a) (@l o)
"o~ @l — 202+ (o - )7 0.2
Note this is the same as A2, namely vy sinth = 1y sin 6,

B. The Extremuwn Principle in Optics

A light ray travels from medinm 1 to medinm
ITwith relractive indices iy and ny respectively.
The two media are separated by a line parallel
to the x-axis. The light ray makes an angle i
with the v-axis in medium [ and i3 in medinm 17
{zee Fig. 23 To obtain the trajectory of the ray,
we make use of another extrennun {minimum or

maximum) principle known as Fermat's princi- 0
ple of least thne.

a x
Figure 2

Figure 2

(BL) The principle states that between tWwo fixed points, a light ray moves along a path such*
that the time taken hetween the two points is an extremum. Derive the relation between
sinty and siniy on the basis of Format's principle. [0.5]

Solution:

The speed of light in medium T iz ¢/n, and in medium I is ¢fns.

where ¢ is the speed of lght in vacnum. Let the two media be separated
by the fixed line y = gy, Then lime T{a) for light io travel from origin
(0,00 and () is

T(a) = (/53 + a2)e + na(+/ @0 — o + (o — g2 e 0.2




(0.1 for first and 0.1 for second expression = 0.2 points) |
Differentiating wort. o and setting the derivative of T(a) to zoro

;x(‘ -
oy I’?.-zm—ﬂj -0
(gl + a1 g — a)? + (o — ) V2 0.2

y sind; = ngsin iy

0.1

[Note: Derivation is similar to A3, This is Snell’s law.]

Shown it Fig. 3 is a schewatic sketeh of the
path ol a laser heam incident horizontally an
a selntien of sugar in which the concentration
of sugar decreases with leizht, As a conse
quence, the refractive index of the solution also e =)
decrenses with height. Figure 3: Tank of Sugar Solurion

Figure 3

(B2) Assume that the refractive index n(v) depends only on v. Use the cquation abtained in Bl
to obtaln the expresssion for the slope dy/dr of the beam’s path in terms of ng at ¥ = 0
and ny}. [1.5

Solution:

Prom Snell’s law ngsindy = n(y)sing 0.5
o iy )
[hen, — = —coti 0.4

i

(0.2 marks for negative sign.)

_— n(y)
Fip &Lty = —
L (e
! e
\." Yele? 0.4
————— '
dy ."( niy) )2
f = II =y - T T J.
| el \'r iy 511 i | 0.2

(Note student need not substitute sini;=1. in this part.)

(B3) The laser beam is dirccted horizontally from the origin (0,0} inte the sugar solution at a
height gy from the bottom of the tank as shown, Take n(y) = ng — ky where ng and &
are positive constants. Obtain an expression for & in terms of 5 and related guantities.

You may use: [ secfdf = Infsecf + tand) + constantysecd = 1/cos@ or [== =

e—— Y= 3}
Iniz + va? — 1) 4 constant, [1.2]
FSUlutirm:




iy g
,IT;;; = — i
- II.{]‘?.(J.— :fj]z—l
Y Y ngsin i 0.1
Note ip = 907 &0 siniy = 1. 0.2
Method 1 We cmploy the substitution
oo BT ky
£
Mg
Thy
(’{H{_T}
- =— /d;v
Ve-1_
Lel £ = sccd. Then
"y
T111{Secﬂ+lan€}=x—n 0.5
Or METHOD 11
We employ the substition
g — Ky
Tiny
g
de(—=7)
/,-= =— /ff:i:
S B :
] ng — ki fng — &
L L e T [ e R
k Ty { T {:0 D )
Now continuing
Considering the substitutions and boundary condition, = = 0 for y = 0 we obtain that |
the constant ¢ = 0, 0.2
Hence we obtain the following trajectory:
g . g — & Ty — A R )
r=-Lin| 2 2 ."lllf? 0= ke 3 =1 '
& rip \ T 0.2
(B4} Obtain the value of o, the point where the beam meets the bottom of the tank, Take yq
=100 cm, ng = 1.50, k = 0.050 em™" (1 em = 1077 m). [1.8]
Solution:
Given yy = 10L0 cm. s = 1.50 ko= 0.030 ¢!

From (B3)




-k =k )
Ty = LA (}—Lﬂ : y) - (EU —y) -1 |
& g Mg

r [ - ki )? 12
B | (ot i) @o_+2y.al _1
ke Tig g

i |2 22
2 =R I g —
01n 5 (1_5) 1
4 TR
A |2 e
A0t In 3 (9)

4 )

= 30 ln [,_ + 0.55]

|3
=24.0 cm

Herve y = —ug

L/

(Full 0.6 credit for answer between 23.5 cm Lo 24.5 cm)

C. The Extrennun Principle and the Wave Nature of Matter

We now explore between the PLA and the wave nature of a moving particle. For this we
assmme that a particle moving [rom O to P ean take all possible trajectorios and we will seck
a trajectory that depends on the constructive interference of de Broglie waves,

[C1) As the particle moves along its trajectary by an infinitesimal distance As, relate the change
Ag in the phase of its de Broglie wave to the change A2 in the action awd the Planck
constant.

Solution:

From the de Broglie hvpothesis

= f.'l.*'lr??-t'

where A is the de Broglie wavelength and the other symbols have Lheir nsual meaning
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Recall the problem from part A where the pasticle
traverses from O to P (see Fig. 4). Let an apaque
partition be placed at the boundary AR between the
two regions. There is a small opening CD of width
o in A such that d < (xg — ) and d < x|,
Congider two extreme paths OCP and ODP such
that OCP lies on the classical trajectory discussed in Figure 4
part A Obtain the phase difference Adéep between
the two paths to first order,

|
Solution:

Figured

ST B
8] X XA
Cansider the extreme trajectories QCP and ODP of (C1)
The geometrical path difference 15 £0 in region T and CF o region 11
Thiz implies (note: d < (g — x;) and d < o))

2 sin o
Adigry = = A

2rdsin s
Ay - Az

first expression 0.2, second expression 0.2, negative sign (.2 = 0.6 points.
| Also if negative sign missing then no further credit for the remaining part

ey sind) Zrmirad sin e

gD ) h

rredd . i
= 27 - (vasin By — pysin )
=

=10 {from AZ or B1]

| Full credit il someone writes that first order change in action is zero since

the classical path has extremum action §4 = 0.

Thus near the clasical path there is invariably constractive interference

Matter Wave Interference

Conzider an clectron gun at O which directs a collimated beam of electrons to a narvow skt al
F in the opague partition 4,8, at » =

7y such that OFP iz a straight line,

]
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15 a point on the soveen at @ = xy (seo Fig.
5). The speed in 1 is w; = 2.0000 x 107 ms™!

and 8 = 10000007, The potential in region 1T is YA 1 Ai 11 i
such that the speed v, = 1.9900 x 107 ms™!, |
The distance rq — o) is 25000 mm (1 mm = !
107% m). Ignore electron-electron interaction. .P

FLar’ |

’;’ N | 215001

102" G|B, -

rd

0 Xy Xp x
250 mm

Figure 5

Figure 5

(D0] TE the elecirous at O have heen accelorated from rvest, caleulate the accelerating potential
fi

Solution: |

] 3 |
glf) = . mu? '

G115 1073 % 4 % 101
J
2
= 2x 011 %10 ')
23 9.11 % 10717

1.6 3 10-18

= 1139 % 107 eV (= 1100 V)
Up o= 11395 10% v

(Full 0.1 credit for answer between 1100 V oand 1150 V)

{D2) Another identical slit & is made in the partition A, B at a distance of 21500 nm (L nm
= 107" m]} below slit F (Fig. 5). If the phase difference between de Broglie waves ariving
at P lrom Foand G is 27 3, caleulate 3.

Solution: Phase difference at £ is
2adsind 2mdsind
AL A

ﬂ.L_'}p =

1
= 2 (1, — ?.'2)% sin 10° = 273
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#=513

{Full 0.2 credit for answer between 5.1 and 5.2)

(D3) What is is the smallest distance Ay from P at which null (zero) electron detection mayhe
expected on the sereen? [Note: yvou may fiud the approximation sin{fl + A#) = sind +
Adcos @ uselul|

| From previous part for noll (zero) eleciron detection Ad = 5.5 % 27

Solution:

TR =:0;5
i f
sy sind e
Ty — 0.0
sin(f 4+ Af) = :
Tt
1
(AT (T
= sinfl — ——
iy i i
5.5

2 .
= = _&inip® - 3 .
Lo 137478 % 1.99 x 107 x x2.15 x 107

= 174521 — 0000935

This yields Af = —0.0036°

(Full 0.2 credit for answer between -0.0033" and -0.00387)
| The closest distance to P is

Ly

dsint muydsin(f + Af)

= {ap — 2 )itan{fd = A0) — Lan @)
= 250[tan 9.9964 — an 10

— L0162

= —16.2nm

(Full 0.2 credit for answer between -17 ¢ m and -15 g m)

(0.2 points deducted if calculation not done in radians)

The negative sign means that the closest minimum is below P
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(D4)

Approximate Calculation for ¢ and Ay
Using the approximation sin(# + Af) = siné 4+ Afcosd
The phase difference ol 5.5 % 2r gives

of sin 107 lsin 107 + Af cos 107)
T —————— — Trit ;

= J.d

From solution of the previons part

| d sin 107 dstnlll® |
i — it =933 |

Therefore
d A8 cos 107 o
— = (.3700

i

This wields A8 == 0.0036°

(Full 0.2 credit for answer between 0.0033° and 0.00387)
Ay = —00162 mim = —16.2pum as before

(Full 0.2 credit for answer between -17 ¢ m and -15 ; m)

The electron beam has a square cross section of 500 nm = 500 nm and the setup s 2 1
long. What should be the minimum beam flux density Ty, (number of electrons per unit
normal area per unit time] if, oo an average, there is at least one electron n the setup at
a given time?

Solution: The product of the speed of the electrons and number of clectron per unit
volume on an average yields the intensity,

Thus N =1 = Inlensily » Arvea = Length/ Eloctron Speed

D N e P

This gives f;, = 4% 1019 m2s-!

R. Bach. D. Pope. Sy-I Livu and H. Batelaan. New J. of Physics Vol 15, 033018 (2013).
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