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Thermoacoustic engine — Solution

Part A: Sound wave in a closed tube
A.1. The boundary conditions are: u(0,t) = u(L,t) = 0. As a result, sin (ZTEL) = 0, so we get
Amax = 2L.
A.2. We get

V(ix,t)=S- (Ax +ulx + Ax, t) —u(x,t)) = SAx - (1 + ') = Vo + Vou'.
Thus,

V(x,t) =V, + akV,cos(kx) cos(wt) = Vi(x) = akV, cos(kx).

A.3. We use Newton’s Second Law pyii = —p' to deduce p’ = —pyii = pyaw? sin(kx)cos(wt),
so that

p(x,t) =py — a%zpocos(kx)cos(a)t) = px)= a%zpocos(kx).

2
A.4. Using a < L, we obtain P _ yw. As a result, Po®” — y-k,andc = YPo
Po Yo pPo k Po

A.5. The relative change in T(x, t) is the sum of the relative changes in V(x, t) and p(x,t). As a
result,

1) = 2p1 (1) = 2Va(0) = ( = D2 Vi () = ak(y — DT, cos (k).

A.6. The movement of the gas parcels inside the tube conveys heat along its boundary. To
determine the direction of the convection, we combining the result of Task A.5 and the

expression (1) for u(x, t). We see that when 0 < x < %, the gas is colder when the displacement

u(x, t) is positive. Likewise, when % < x < L, the gas is colder when the displacement u(x, t) is

negative. Hence, heat flows into the gas near the point B, cooling it down, and out of the gas near
the points A and C, heating them up.

Part B: Sound wave amplification induced by external thermal contact

B.1. We get

Tenv(t) = Tplate(xo + u(xo' t)) = TO - % : u(xo, t),
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so that:

Ty = %sin(kxo) = ;72.

B.2. The gas will convey heat from the hot reservoir to the cold one if the parcels are colder than
the environment when u(x,, t) < 0, and hotter when u(x,, t) > 0. This occurs precisely if

Ty > T,

Plugging in the results of Tasks A.5 and B.1, we get

— DTy cos(kxy) = 1, =ké(y—1DT,.

B.3. Using the first law of thermodynamics, we get

dQ _ dE av
dt ~ dt w TP at’

Plugging in the relation E = y%lpV, we see that:

o _ 1 4d __L o, v y o, &
dt yldt(p )+p y—1V

at | y-1 dt~ﬁ Odt y—-100 gt
. dQ . .
B.4. We plug the expression for d—f into the result of Task B.3. This gives:

1, d
Evod_f + yyl 0=, = BVo(Ty = T1) - cos(wt).

We now plug in the data given in equation (6), and get (by considering terms with cos(wt) and
sin(wt) separately):

|4
1 /oPa® + yTlPoVaw = pVo(Tss — T1)

|4
— Voppw — yTlPowa =0

and thus, we can already express 1/}, as

Vo

1
Vy =-pp - 2.
bV Po
B.2

For V,, we plug in the results of Tasks B.1 and

Tst - Tl = = (T - Tcr)r
w2
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giving:

(-1, _y1B a . _ Y
a_< ypa y w{’\/E(T Tcr)) po.

B.5. We want to integrate the mechanical work generated, f pdV, and averaging the result over
a long time. To do this, we substitute our expressions (6) for the perturbed p and V. Since the

average of cos(wt)sin(wt) is 0, and that of sin?(wt) and cos?(wt) is % we get:
v
S_;Mzwt = —1 - (aVp + PpVa)-

Using the result of B.4, we get

Yo T ylpa Pp
S#MOt_w y B{,\/E(T Tcr) VOPO-

2
To leading order, p, is the unperturbed wave p, = p;(xy) = a%po cos(kxy) = akypy %

Simplifying, we get
-1
Wi =78 Ef (T - 1) 22 = 7= (y — DB(T — 1o)ka’s.

B.6. We want to compute the amount of heat convection over one cycle. This means that we
need to take the amount of heat moving in or out of the parcel, and weigh it by the position of
the parcel at that time. Thus, the total heat conveyed by the parcel, integrated along a cycle, is:

_ 1 rae .
QtOt_Axfdtu dt.

This expression can be computed to leading order using Z—f = BV (T — Ty) - cos(wt) and the

a

unperturbed displacement u(x,,t) = 5

cos(wt). This gives

a

2s
Qtot = %.BVO(Tst - Tl)ﬁ = E.BVO ' %(T - Tcr) '\7_5 = %,B(T - 7:cr)aT-

w

B.7. Dividing the results of Tasks B.5 and B.6, we obtain the expression:

Whot Ter Ter T Ter
r’ Qtot (y ) TO T TO T nC
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Thermoacoustic engine — Marking Scheme

Part A: Sound wave in a closed tube

A.1 | boundary conditions u(L,t) =0 0.2pts
Amax = 2L 0.1 pts

A2 | V(x,t) =S5 Ax./(t) 0.1 pts
comparing two sides ﬁ (u(x + 4x,t) —u(x, 1)) = % 0.2 pts

final result 0.2 pts

A3 |AF=S-A4p 0.1 pts
Apz_%.élx 0.2 pts
Newton’s 2" law AF = m% ~py-S- Ax% 0.2 pts

final result 0.2 pts

Ad | pVY = poVo” +poyVo' T (V = Vo) + (p — po)Ve! 0.2 pts
comparing pressures to A.3 & final result 0.1 pts

A.5 |ideal gaspV = nRT 0.2 pts
= p:?/o (po — p1 cos (wt))(Vy + V4 cos (wt)) 0.1pts

T =Ty+ To(V1/Vy — p1/p0o) cos (wt) 0.2 pts

final result 0.2 pts

A.6 | Two correct sites 0.6 pts
All are correct 1.2 pts

Part B: Sound wave amplification induced by external thermal contact

B | Tony(8) = Ty — = - (u(L/4,1)) 0.3 pts
final result 0.1 pts

B2 |Ty>T, 0.6 pts
final result 0.4 pts
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B.3 i = aQ _dE , aw 0.4 pts
use firstlaw 4Q = AE + W or priierels s p
understand energy of ideal gas AE = c,nAT 0.1 pts
NRAT = pAV +Ap -V 0.2 pts
final result 0.1 pts

B.4 | final result V,, = lpb % 0.5 pts

14 Po

Vv, = [V_lﬁ(Tst T,) — lpa ﬁ 0.8 pts
Tee — Ty = (T — 1) % 0.5 pts
y-18 2 _1 1% 0.1 pts

final result 1V, = [ P i ypa] e
BS |w=pdV = f“tc —dt 0.1 pts

fe = [Hesi = [“esi 0.2 pt
fo cos (wt)dt = fo sin (wt)dt = [~sin (wt) pts
cos (wt)dt = 0 (or equivalent)
fOAt‘:cos2 (wt)dt = fomcsin2 (wt)dt = % 0.2 pts
Ate = 0oV + DyVa) = ~1(paVy + DpVa) 0.1 pts
w==ZI ~(r— DR - 1.)ka?s 0.1 pts
Atc At; - d
B.6 | Q1 = Sf Ldt = _f Qd_LtL . dt 0.2 pts
1 .
Q = ——=BVo(Tse — T1) sin (wt) + Qo 0.1pts
% (x,t) = —aw -sin (kx) sin (wt) 0.1 pts
Qtor = mapS(Tse — Ty) sin (kx) 0.3 pts
Qtot = gazﬁ ; (T - Tcr) 0.1 pts
B.7 |n= -1kl 0.2 pts
Tor _Tr T oy Ler

n=-— T rr e 0.4 pts

Note that some students may solve B.6 and B.7 using a different method. A student that solved
correctly B.7, and inferred incorrect answer for B.6 with correct units, will get full points for B.7
and % of the points for B.6.
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