Theory

Ao Q1-1

IPhO ;ggluqniq Greek (Greece)
MNAavntiki PucLkn (10 HOoVvASEQ)

To tpOPANPa auto oXETLZETAL PE TO ECWTEPLKO TWV TTAQVNTWVY KAl artoteAelTaL amod suo aveaptnta pepn.
OL €S PACELG TNG KAPTIUAOTNTAG TNG EMLPAVELAG TWV TTAAVNTWY Bewpouvtal apeAntees. Mmopeite va
XPNOLHOTIOLOETE TNV aKOAOUBN oxéon:

(14+2)° ~ 1+ ex, when |z| <« 1. (1)

Mépog A. Mecowkedavia paxn (Qkeavia Kopugoypappn) (5.0 povasdec)

Oewpnote €va peyaho Soxelo pe vepd to omolo Bploketal péoa o€ opoyeves medlo Baputntag 0Tou N
gmLtdyuvaon tng Baputntag tvat g. Ao TAGKEG oxrpatog opboywviou taparAnAoypdppou, TTapdAAn-
AeC pETAEL TOUC, TOTIOBETOUVTAL KATAKOPUYPA KATA TPOTIO TIOU va Pnv glval Suvatd va petakvnbouv
HEoQ 0TO S0XELO KAL £TOL WOTE TA KATAKOPUPA AKPA TOUG VA EPATITOVTAL XWPLG KEVO PE TA KATakOpupa
Tolywpata tou doxelou. Mnkog h kABe pilag TAdkag eivat BuBlopévo oto vepod (Ek. 1). To TTAATOG Twy
TIAGKWV KATd PAKOG Tou agova y OTIWG QUTOC CNUELWVETAL 0TO GXNHa opllouv To eTiMESO w. OEWpProTE
OTL KavEva VYpO Sev PTIopel va LOEABEL ] va €§EABEL OTO XWPO AVAPEDA OTLG TIAAKEG OG0 Kal armo ta
Tolywpata tou Soxelou. H ukvotnTa Tou vepou eivat p,,.

w (normal to the w (normal to the
page) page)
g g l
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Ewova 1. NapdAAnAeg TAAKEG BuBLOPEVEG O€ VEPO.

AGSL TTUKVOTNTAG poif (o5l < Po) XUVETAL OTO XWPO PETAEY TWV TIAGKWV PEXPL TO XxapnAdtepo eminedo Aa-
810U va PTACEL 0TA KATW AKPA TWV TIAAKWV. Na Bewpr)oeTe OTL TOCGO TA TOLXWHATA TWV SUO0 TIAGKWVY 600
KaL OL AKPEG TWV TOLXWHATWVY TOoU Soxelou ektelvovtal o apKeTO LPOG WOTE VA PNV UTIAPXEL TIEPLTTTWON
va uttepxelioel To AdSL. Na ayvonoeTe Ta Qalvopeva TIou o@eiAovTal OTnV EMLPAVELAKT TAON 1) 0TNV
AVAPLEN TWV UYPWV OTO OPLO TNG SLAXWPLOTLKAG TOUG ETILYAVELAG.

A1 Na uttoAoylogte TNV opL{ovtia cuviotwoa F, TNG cuviotapevng dSvaung mou  0.8pt
Spa otnv 6€€La MAGKa (UETPO Kal kateuBuvaon).

Ztnv Ek. 2 paivetal n Statopr pLag HECOWKEAVLAG pAXNG. ZTN HECOWKEAVLA paxn SLakpivovtal Ta ako-
AouBa otpwpata: L) pavduag , () eAoLOg Kal (L) vepO Tou wkeavou. O pavduag amoteAeitat amd Te-
TPWHATA TIOU UTIOBETOUHE OTL PTIOPOUV VA PEOUV OE YEWAOYLKEG XPOVLKEG KALUOKEG KAl ETTOPEVWG, OE
auto to TPOPAnua Ba avtipetwriidetal wg uypo. To TAXOG TOU PAOLOU elval TIOAU PLKPOTEPO ATO TN
XOPAKTNPLOTLKN KALJOKA PKOUG TNG

-6LeVBuvonc, WG €K TOUTOU, 0 PAOLOG CUUTIEPLYPEPETAL WG TIAAKA TIOU PTIOPEL va KApTTeETaL EAeUBepa. Me
HeyAaAn akpiBeLa, pLa tétola payxn Pmopel va povtelomolnbel wg eva Stodldotato cUoTnua, TO OTolo
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elvat kaBeto oto emninedo tng Ewk. 2 Kat Katd prAkog tou agova y §gv petaBAAAetat Kamola amnd Tig pe-
TaBANTEG. Na UTTIOBECETE aKOPA OTL TO PUNKOG TNG KOPUPOYPAUHNG L Katd prkog tou d&ova y elvat oAU
HEYOAUTEPO atd oTtoLoSATIOTE AANO UNKOG epavidetal oto TpOBANUa auto.

Na Bewprioete 6TL 0TV Kopur (KEVTPO TNG pAxng) To TIaxX0g Tou PpAoLoU elvat undév. Oco n andotacn «
Se€Ld kaL aplotepd armo 1o Peoo TNG paxng au&avetal TO TTAXO0G TOU YAOLOU QUEAVETAL KAL TELVEL TIPOG TNV
otabepn T D kabwg n andotacn aro To PECO TEWVEL OTO ATELPO,z — oco. AvTioToLXa, 600 N anootacn
x 8€ELA Kal aplotepd amd to pESo TNG pdxng avfavetal To BABog Tou VEPOU TOU WKEAVOU eKTelveTal
Katd UPog h KATw armod TNV Kopuwn Ttng paxng O, TnVv omola va BEwPrOETE WG TNV apxr) TOU CUCTIHATOG
OULVTETAYHEVWV TToU Ba xpnotporotroste (Ek. 2). Na BewprioeTe OTL OL TLPEG TNG TTUKVOTNTAG p, TNG Oep-
Hokpaoiag tou vepou T, TNG TIUKVOTNTAG TOU pavdla p; kKabwg Kat Tng Beppokpaciag tou pavéua T,
elvat OAeg otabepeg oTov XWPO KaL otov Xpovo. H Beppokpacia tou pAowol T eival emtiong avegdptntn
armo to xpovo aAAd ptopel va eEaptdtal amo tn Béon.

Elvat yvwotd, pe peyaAn akpifeta, 6t To UALKS Tou PAOLOU SLACTEANETAL ypapULKA avaloya pe tn Bep-
pokpaoia T. Me §e5opévo OTL TO00 N Beppokpacia Tou vepoU 0G0 Tou pavduad eivat otabepeg, slval Ka-
AUTEPQ VA XPNOLUOTIOLOETE PLA TPOTIOTIOLNHEVN EKSOXT TOU GUVTEAEDTH) BEPULKNG SLAOTOANG e Baon
TNV aAAayr KALPakag. Etot yla kaBe Stdotaon 0a woxVey, I(T) =1, [1 — k,(T}, — T) /(T, — Ty)], 610U [ €lvat
TO PAKOG TOU TUAPATOG TOU UALKOU TOU (PAOLOU, I; TO AVTLOTOLYXO UAKOG TOU TUAPatog o€ Beppokpacia Ty,
Kal k, elval o ouvteAeoTr G BepPLKNG SLAOTOANG Pe BAon TtV alAayr] KALPakag, Tov otoio va Bewproste
otabepo.

air

p(T), T ()

mantle P11 Z

Ewkova 2. Mecowkeavia Paxn. Znuewwote 6tL o agovag z

€XEL KaTeLBUVON TIPOC TA KATW.
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A.2  YmoBgtovtag OtL o PAoLdG Elval LoOTpOTIOG, va Bpeite tnv e€aptnon tng mukvo-  0.6pt
nTag p ano tnv Beppokpacia 7. Na Bewpriocte OTL |k;| <« 1 kat va ypapete tnv
amdavtnor| oag o€ TIPOCEYYLOTLKA HopYN

Tl_T], )

T) ~ 1+k&
p(T) /01{ + T, 1,

OTIoU oL OpoL SVTEPNG TAENG k7 KABWG KAL AVWTEPNG AYVOOUVTAL.ZTH CUVEXELA
Tipoodloplote TNV TN TG otabepdq k

Elvat yvwotd 6tk > 0. Emtlong, va Bewprioete otabepr] TNV TLYr TOU CUVTEAEOTN BEPULKAG aywyLpoTnTag
Kk TOU PAoLoU. Katd cuveTeLa, TIOAU pakpld amd tov aova Kopuoypauuns n Beppokpacia tou pAolov
efaptatal ypappka amno to Badoc.

A3 Na Bgwprjoete OTL 0 pavduag OTIWG KaL TO VEPO CUUTIEPLYPEPOVTAL WG aoupTiie-  1.1pt
ota uypd o€ USPOCTATLKI) LOOPPOTILA KAL VA UTIOAOYLGETE TNV otabepr| T D
otnv otmola telvel To Tax0g Tou pAolou, (Kabwg n aroéaotacn arod TO PHESO TNG
pAxNG TELVEL OTO ATIELPO) OE GXECN PE TOUG OPOUG A, py, pq, KAL k. Na ayvor|oete
TNV émoLa kivnon Tou UALKOU.

A4 Na ek@pACETE CUVAPTHOEL TWV py, py, b, L, k KAl g TNV cuviotapevn oplfovtia  1.6pt
Sbvapn F n omola §pa oto S€&L pLad tou YAoLoU (z > 0). Na apaingBouv oL
OpOL AVWTEPNG TAENG yLa TV otabepd k (va xpnotpotonbel otn xapnAotepn
Tagn).

Na uTtoB€aeTe OTL 0 PAOLOG TG NG elval BEpULKA HOVWHEVOG aTtd Ta UTIOAOLTIA yrlva otpwpatd. Qg
ATOTEAECHA TNG BEPHLKNG aywynG oL BEPUOKPACLEG TOU QVWTEPOU KAL TOU KATWTEPOU OTPWHATOG TOU
(PAOLOU TELVOUV va TIANGLACOLY PETAEY TOUG PEXPL O PAOLOG Va PTACEL O BEpULKN) LooppoTiia. H eLSLKN
BeppotTnTa (BEppoXxWPNTIKATNTA) TOU PAOLOU glval c Kat PTtopel va BewpnBel otabepn.

A5 Na yxpnotluomoloete Slaotatikr av@Auon i availuon tdéng peyeboug kat va  0.9pt
EKTLUNOETE TO XAPAKTNPLOTIKO XPOVLKO SLaoTnua 7 0To oTolo n Stagopd Bep-
HoKpaoiag avapesa 0To aVWTEPO KAL OTO KATWTEPO OTPWHA TOU YAOLOU, pa-

KPLA aro To PHECO TG pAaxNng Ttelvel va @tdoel oto pndév. Na uttobeoete OTL TO
XOPOAKTNPLOTLKO XPOVLKO SLaotnua 7 Sev eEaptatal amo TLG apyLKEG BepuoKkpa-
oleg NG MAvw Kat Tng KATW EMLPAVELAG TOU PAOLOU.

Mé£pog B. Z€LOPLKA KUPATA OE £€va MEGO TIOU ATIOTEAELTAL ATIO CTPWHATA (CTPWHATOTIOL-
nMevo). (5.0 Movasdeg)

Na UTtoB£0ETE OTL TIPAYHATOTIOLELTAL PLO OELOPLKA S0VNON HLKPAG SLAPKELAG OTNV ETLPAVELA KATIOLOU
mAavtn. Na uttobgoete akopa OTL TA OELOPLKA KUPATA EKTIEPTIOVTAL atd PLd YPAUHLKN Tinyr) Tou Bpl-
OKETAL KATA PNAKOG TNG €UBelag z = z = 0, OTIOU z €lval N opLoVTLA CUVTETAYPEVN KAl OTIOU 2 €lval To
BdBog kdtw amd tnv emupdvela (Ewk. 3). AKOUQ, va UTIOBECETE OTL TO PNKOG TNG TINYNS TWV KUPATWVY glvat
TIOAU PEYaAUTEPO ATIO OTIOLO AAAO HNKOG EUTIAEKETAL OTO EPWTINHA AUTO.

QG aTOTEAECHA TOU OELOPOU, EKTIEUTIOVTAL SLAPAKN KUPATWY P OPOLOHOP@A TIPOG OAEG TLG KATEUBUVOELG
oto eTinedo -z, T omola £X0UV BETLKN oLVLIOTWOA KATd PAKOG Tou agova z. AeSopévou, OTL N Bewpla
NG 8LAS00NE TWV KUPATWY O€ €va oTePED lvatl yevikd TEPLTTAOKN, o€ autd To TIPORANHa ayvooUps dAa
TA GAAQ KUPOTA TIOU EKTTEUTIOVTAL KATA TN OELOoPLKA §6vnon. H oTpwpdtwon Tou AOLOU TOU TAQVNTn
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EXEL WE ATTOTEAEOHA N TAXUTNTA v TWV SLAPAKWVY KUPATWV P va e§aptdtat amo to Bdbog z cuppwva Pe
TN oxéon v = vy(1 + 2/z,), OTIOU TO v, €lvat n TaxVTNTA OTNV ETILPAVELA KAL 2, ELVAL PLa YVWOTH BETLKN
otabepd.

. earthquake
air

¥ >

crust X

v
Z

Ewkova 3. To cUOTNPA CUVTETAYHEVWY TIOU XPrOLUOTIOLE(TAL OTO PEPOG B.

B.1 Na Bewprioete pLa aktiva n omola eKTIEUTIETAL aTtd TN OslopLK §évnon, oxn-  1.5pt

patilel apxLkn ywvia 0 < 6, < /2 pe tov dfova z kat sLadidetal oto eminedo x

-Z.

Na ipoodlopioete tnv opLldvtia cuvtetaypevn x4 (6,) # 0 otnv omola n aktiva

pTIopel va avixveubel otnv EMLOAVELD TOU TIAQVHTN. O£WPHOTE YVWOTO OTL N

TPOXLA TNG aktTivag elval éva t6&o tou KUKAou. H amdvtnon oag va 806t otn

Hopyn x,(0,) = Acot(bf,) O6TIouU oL oTaBEPEG A Kal b TIPETIEL VA UTIOAOYLOTOUV
(cotB=1/gyb).

ZtnV TepIMTwon Tou eV KataeéPate va TPooSLoploETe TIG 0TaBePEG A Kal b, yLd TLG EPWTHOELG TIOU
akoAouBouv va Bswprioste §€60pEVo TO amoTéAeoa = () = A cot(bf,) . Na UTIOBECETE OTL N GUVOALKN)
EVEPYELA aVvd povasda PrKoug TIoU ameAeuBepwVETAL amod TNV TiNyr UTO pHop®r SLapAKwY KUpdtwy P
OTOV (PAOLO KATA TN SLAPKELA TNG OELOPLKNAG §évnong elval E, Kat 0TL Ta KUPATA aroppoPwvTdl TTARPWG
OTaV PTAVOUV OTNV ETILPAVELA TOU TIAAVI TN aTtd TO ECWTEPLKO TOU.

B.2 Na eEaydyete tn oxéon avapeoa otnv avd povada epBadol Tukvotnta eveép-  1.5pt
YELOG TIOU ATIOPPOYPATAL ATIO TNV EMLPAVELA TOU TIAQVIATN &(z) KAL OTNV aTo-
otaon z Katd PAKog tng empavelag. Na oxeSLACETE TN YPAPLKN TIApAcTach

™nee(x).

210 €€n¢ va Bewpelte OTL Ta KUPATA avakAwvtatl TARPWG OTav YTAVOUV OTO OPLO TNG ETILYPAVELAG TOU
TAavATn. Na avtaoTeite pla cUOKEUN KATA PRKOG TNG eUBELag z = = = 0 TNG L&Lag YEWUETPLKNG HOPPNAG
HE TNV TNy TWV KUPATWV TIOU ava@epBnKe TIPonyoupEvwe. H cuokeun €XeL Tn SuVATOTNTA VA EKTIEUTIEL
Slaunkn kupata P o€ pla eAeUBepa eTIAEYPEVN YWVLAKN KaTavopr). H cuokeur] puBuiletatl outwg wote
Va EKTIEPTIEL €Va OPa O€ TIOAU PLKPO EUPOG YWVLWVY EKTIOUTING. ZUYKEKPLUEVQ, N apXLKN Ywvia avapeoa
otnV €uBeila 51AS00NG TOU CAPATOG KAl TNV KATAKOPUPO EPTIITITEL 0To SLtdotnua [0, — 266,60, + 266,]
OTou 0 < 6, < /2, 86, < 1 KaL 66, < 6.
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B.3 Na uTtoAoy{O€TE TN PEYLOTN ATIOOTACN Tppa ATIO TNV TINYH, KAL KATA PAKOG TNG  2.0pt
ETILPAVELAG TOU TIAQVITN, OTnV oTtola BplOKETAL TO TILO ATIOPAKPUCHEVO ONMELo

ot0 oTto{o SV PTAVEL TO Crjua.
Na ypaygete to anotéAeopa o€ cuvApPTNOn PE TOUG 0poug by, 66, Kal AAAwV ota-

Bepwv oL oTtoleg 506 Kav TIPONYOUUEVWG,.
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A.1 (0.8 pt)

A.3 (1.1pt)

D =

A.4 (1.6 pt)
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MéEpog B. ZELOPLKA KUPATO GE EVA HECO TIOU ATIOTEAELTAL ATIO OCTPWHATA (CTPWHATOTIOL-
NHEVo). (5.0 Movadeg)

B.1 (1.5 pt)
z1(0) =
B.2 (1.5 pt)
e(x) =
£,
0 :x
B.3 (2.0 pt)
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Planetary Physics (10 points)

Part A. Mid-ocean ridge (5.0 points)

A.1 (0.8 points)

w (normal to the
page)
il
air
—>
E |hn
(L_' P1
b
. Po
Figure 1

Let A’ be the height of the column of oil (see Fig. 1). Then pressure at depth h below the water
surface must be p, = pogh = p1gh’, from where b’ = Z—‘;h. Horizontal force on the plate F, = F; — F,

where the force due to new fluid is F; = %W - W'w and the force due to water is Fy = pngh - hw.

Combining all the equation above, we get

A.2 (0.6 points)

Consider a rectangular mass element of the crust. Since relation [(T) = I, [1 - k; (T; - T) /(T1 — To)]
holds for all three dimensions of the solid, its volume V satisfies

T, -T)\°
V=v1-K ,
I —-Tp

where V] is the volume at T = Tj. If the mass of the element is m, density is then

m m T,-T\"° T,-T\
— = |1-k =p [1-k .
v Vl( 1 ) ,01( i )

p(T) =
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Since k; < 1, this can be approximated as

Tl—T)

T) ~ 1+ 3k
p(1) > (143 g =1

so that k = 3k;.

A2 (0.6 pt)

k = 3k;.

Tl—T)

T) ~ 1+ 3k
R

A.3 (1.1 points)

Since mantle behaves like a fluid in hydrostatic equilibrium, pressure p (x,z) at z = h + D must be
the same for all x. Therefore,

p(0,h+D)=p(co,h+D).
Similarly, we must have
p(0,0) =p (,0).
Hence, the change in pressure between z = 0 and z = co must be the same at both x = 0 and x = co.
At the ridge axis

p(0,h+D) = p(0,0) = p1g(h+ D),

while far away
h+D
p(oo,h+D)—p(oo,0):pogh+/h p (T (00,2)) gdz.

Far away from the ridge axis the two surfaces of the crust are effectively horizontal, meaning that
the law of heat conduction can be written as

dT
dz
Hence, after applying the relevant temperature boundary conditions,

h

= const.

T(00,2) = Ty+ (T, — Tp) =

D
From all the equations above and by using the density formula given in the problem text,

~Ty— (T - T)) 52
gdz,

h+D Tl
plg(h+D)=pogh+/ pi|l+k
h T - Tg

from where we straightforwardly obtain
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A.4 (1.6 points)

The net horizontal force on the half of the ridge is the difference between the pressure forces acting
at x =0 and x = co:

h+D
Fei [ (02 -p(e) b
From considerations of the previous question, pressure at x = 0 is
p(0,2) = p(0,0) + p1gz,
while very far away

p (00,0) + pogz if0<z<h,

TI_TO_(TI_TO)Z’T_h

pleez)= p(oo,0)+pogh+fthl(1+’<T)9dz' Thsz<h+D.

The equations above can be combined into

h+D h
Fei [ (p004pign) di-L [ (p(.0)+ prge) do-
0 0

h+D h+D z 72 —h
L[ o mm i1 [ | [Ty (1+k(1— ))gdz’] gz,
h h h D

The double integral can be easily found either directly or by using a substitutionu = z—h,u’ = 2’ —h:

T L E VAR L IR

After a straightforward integration and using p (0,0) = p (o0, 0) as well as the result of the previous
question,

h? kD? h? 1 2 Do
F=gL —+hD—-—|=po|—+hD|| =gLh? (p; - —+—[(1=-21].
g [pl(z + 3 ) Po(2 + )] gLh® (p, Po)(2+3k( pl))

Since k <« 1, the term with % is of the leading order, hence, the required answer is

_ 2gLK* (p1 = po)”

F
3k P1
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A4 (1.6 pt)

£ 2L (p1 = po)”
3k P1 '

A.5 (0.9 points)

The timescale 7 is expected to depend only on density of the crust py, its specific heat ¢, thermal
conductivity k and thickness D. Hence, we can write 7 = Ap‘l"cﬂKYD‘s, where A is a dimensionless
constant. We will obtain the powers ¢-§ via dimensional analysis.

Define the symbols for different dimensions: L for length, M for mass, T for time and © for tem-
perature. Then 7, py, ¢, k and D have dimensions T, ML73, L’T207!, MLT 307! and L, respectively.
The resulting set of linear equations to balance the powers of length, mass, time and temperature,
respectively, is

0=-3a+20+y+9,

0=a+y,
1=-2f- 73y,
0=—-p-y.

This givesa = =1,y = -1, = 2. Hence,

D2
T= Acp1 .
K
A5 (0.9 pt)
N CplDz
] » .

Part B. Seismic waves in a stratified medium (5.0 points)

B.1 (1.5 points)

Seismic waves in this problem can be treated by using ray theory. Namely, their propagation is
described by the Snell’s law of refraction

n (0) sinfy = n(z) sin 6,

where the refractive index is c c

0@ oy (142

20

n(z) =
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Figure 2

and ¢ denotes the seismic wave speed in a material with refractive index n = 1. From the two
equations above we have

Z\ . .
Vo (1 + —) sin 6y = vy sin 6.
20

Implicitly differentiating this equation gives

d
& sin Oy = cos 6 d6.
20

An infinitesimal ray path length dl is related to the change in the vertical coordinate via

dz =dl cos b,
giving
20
dl = deé.
sin 90

20
sin 0()

This is an equation of an arc of a circle of radius R =
we get

(see Fig. 2). Hence from simple geometry

x1 (6g) = 2R cos b,

ie. A=2zpand b =1.
Alternatively, instead of considering an infinitesimal ray path length dl, one can obtain the
answer by writing

(0= dz 3 dz do
T T doax
The first derivative can be eliminated via Snell’s law, leading to
zo cos 8 dO
to = —
€0 sinf, dx’

which can be integrated to get

20 end 2z, cos Oy
xX; = — dcosf = ——,
S

sin 0y Jstart sin 6
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where we used Snell’s law again to get that the ray has cos 8 = — cos 6 at the point where it reaches

the surface.

B.1 (1.5 pt)

x1 (0y) = 2z cot Oy.

B.2 (1.5 points)

In two dimensions, % d6y is the energy carried by rays that are emitted within interval [6, 6y + d6y).
On the other hand, the energy carried by rays that arrive at [x, x + dx) is € dx. Therefore,

_ E|d6,

E= —|—
7 |dx

Using the result of question B.1,

dx Ab
— = —————— = —Ab (1 +cot® (bby)) = —b (A* + x7) .
0, sin? (b6y) (1+cot” (b6y)) = b (47 +x°)

Hence,
E E

b (A% + x2?) - T (423 +x2) '

e(x) =
This function is plotted in Fig. 3.

)

E
21z,

v

Figure 3. Plot of the function &(x).

B.2 (1.5pt)

E E

= . Sketch is shown in Fig. 3.
mb (A* +x%) (422 +x?) &

£(x) =
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B.3 (2.0 points)

Define x_ = x; (6 — % and x; = x1 |0y + % . To the leading order in 80y, x_ ~ x4 =~ x1(0).
With each reflection of the signal, the horizontal distance between the points where the edges of

the signal reflect increases by |x; — x_| = x_ — x;. When moving along the positive x-axis, these
zones get wider until they overlap. If this happens after N reflections, then
x1 (6
N0
X_ — Xy

where the approximate sign tends to equality as 66, — 0.
The position where the zones start to overlap is at xmax = Nx1(6p). Therefore,

x1(90)2 '
X1 (90 - %) - X1 (00 + %)

Xmax =

Since 86y < 6y, we can approximate

590 590 dx1(90) Ab
Oy — — | — O+ —| = — 66y = 50y.
x1( 0 5 ) x1(0+ 5 ) 0, 0 sinz(bQO) 0

Combining the last two equations and substituting the x; (6y) expression gives

N Ab cos® (b)) 2z cos® by
max 60, - 50y

B.3 (2.0 pt)

Ab cos? (b0y) 2z cos® O,
Xmax = = .
66, 66,
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Planetary Physics (10 points)

General note: if student got the correct answer and the solution is physically and mathematically
correct, all the points should be given.

Part A. Mid-ocean ridge (5.0 points)

A.1(0.8 pt.) Equating the two column pressures, pgh = poiilgh’ 0.2
Subtracting the two opposing forces due to different fluids, 0.1
F,=F —F,
2 ) 72
Finding the two forces, Fy = W and F; = w 0.3
if only one out of two formulae is correct 0.2
. . _(p pogh®w
Final expression, Fy = (fTO” — 1) B 0.2
A.2 (0.6 pt.)
Understanding that all three dimensions change according to 0.1
Direct the same law
, 3
calculation New volume, V = V; (1 —k; ;11__;0) orV =V (1 -3k TTll__TTO) 0.1
. 5-T\ ™
New density, p(T) = p; (1 — ki T;_TO) or 0.1

p(T) ~ pr (14 3k 7F)

Applying binomial/Taylor expansion at any stage of the solution 0.1

Final answer p (T) = p; (1 + 3le), k = 3k 0.2
Using pro- pocl3 0.2
portionality j ror\3 .
relations 17 o (1 —ki Tll—To) ~ (1 + 3k Tll_TO) 02

Final answer p (T) = p; (1 + 3kl%), k =3k 0.2
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A.3 (1.1 pt.) Equating the two column pressures, 0.2
p(0,h+D)—p(0,0) =p (co,h+ D) — p(c0,0)
Column pressure at x = 0, p1g (h + D) 0.1
Column pressure far away, 0.2
h+D
p (00, h+D) = p(00,0)=pogh+ [,"" p(T(c0,2))gdz
Concluding that far away C(% = const. 0.2
if this is used but not explicitly stated — full marks
Obtaining T (z) = Ty + (T, — To) &2 0.2
2
Final answer, D = — (1 - @) h 0.2
k P1
A4 (1.6 pt.) Writing the force as a difference between force at the centre of 0.5
the ridge and that at infinity
marks allotted as long as subtraction of forces or pressures
at correct x values is written
Correct pressure integration range [zy, z2], where z; < 0 and 0.2
2o >h+D
Pressure at the ridge axis, p (0,z) = p (0,0) + p1gz 0.1
Pressure at infinity 0.4
formula in the ocean, p (00, 0) + pogz 0.1
formula in the crust, 0.3
T —(T =T, 2=k
p (00,0) + pogh + [7_, p1 (1 + k%) gdz’
. 2gLh*
Final answer, F ~ %—k (p1— po) (1 - /’;—‘1)) 0.4
A.5 (0.9 pt.) Stated variables on which the answer is going to depend: p;, ¢, 0.2
kK, D
Correct dimensions of ¢, L’T 207! 0.1
Correct dimensions of k, MLT3©! 0.2
partial credit for writing down a correct law that can be 0.1
used to find this, e.g. % = Kﬂ—z, where P is the power
conducted and S is the area of the surface across which the
power is transferred
Obtaining the simultaneous equations 0.2
Final answer 7 ~ cpiD® orr= AM 0.2

K K
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Part B. Seismic waves in a stratified medium (5.0 points)
B.1(1.5 pt.)
Method 1 Using the law of refraction in a stratified medium, 0.5
n(0)sinfy =n(z)sinf
Definition of the refractive index, n (z) « ﬁ 0.1
Identifying that at 0 = 7,z = R— Rsin 6, 0.3
. . _ oz
Finding R = % 0.3
Final answer, x; (6y) = 2z, cot 6, 0.3
x1 (6g) = —2z¢ cot Oy is also correct if the alternative
definition of 6, was used
Method 2 Using the law of refraction in a stratified medium, 0.5
n(0)sinfy = n(z)sinf
Definition of the refractive index, n (z) « ﬁ 0.1
Obtaining the relation between dz and d@, ‘;—j sin 6, = cos 6 dO 0.3
Showing that ray path is an arc of a circle of radius sileoeo 0.3
alternatively, obtaining the differential equation for % 0.3
Final answer, x1 (6y) = 2zq cot Oy 0.3
x1 (0g) = —2z¢ cot O is also correct if the alternative
definition of 6, was used
B.2 (1.5 pt.) Realizing that % is the energy emitted per unit angle 0.4
The idea to track an infinitesimal fraction of rays and relating 0.3
an infinitesimal initial ray angle to the infinitesimal change in
their destination, d6, = O%‘)dx
Applying the result of B.1 to obtain &%} =-b(A+x?) 0.3
Final answer, ¢ (x) = nb(AE2+x2) = ﬂ(42§+x2) 0.1
Plotting ¢ (x) 0.4
maximum is at x = 0 and is of order ﬁ ~ f—o 0.1
e(x) > 0asx > o0 0.1
% =0atx=0 0.1
no stationary pointsat x # 0 0.1
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ENGLISH
B.3 (2.0 pt.) The zone overlap condition, N = ;1_(—_9;2 1.0
considering the change in the zone width, 0.4
X1 (90 - %) — X1 (9() + %)
Writing x_ — x4 in terms of g—& 0.4
Differentiating the result of B.1 0.2
xmax = le (90) 0.3
Final answer, xXnax = Abcos’ (by) _ 2z cos” by 0.1

86, 60,
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