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HAektpootatikog Pakog (10 Movasdeg)

Oewpnote Evav OPOLOPOPYPA POPTLOPEVO HETAAALKO SAKTUALO aKTivag R, TO CUVOALKO (OpTio Tou
ottolou elvat ¢. O SaktUALOG elval eva kolho Topoeldeg (XTn yewpeTpla, 0 TOPOG Elval Eva OTEPED €K
TIEPLOTPOWPNAG TIOU TIAPAYETAL ATIO TNV TIEPLOTPOYPT] EVOG KUKAOU OTOV TPLOSLACTATO XWPO YUpW aro evav
a&ova opoemineSo e Tov KUKAO. ZuviBwg o agovag ev TEPVEL OUTE EQYATITETAL PE TOV KUKAO, OTIOTE O€
QauTH TNV TEPLTTTWON N EMUPAVELA EXEL OXNHUA SAKTUALOELSEG KAl KAAE(TAL SAKTUALOELSEG TOPOELSEG, 1)
amAd TopoeLdEG ) TIAX0UG 2a < R. Autd to Ttdyog pmopel va BewpnBel apeAntéo ota pepn A, B, C kat
E. To eminedo zy oupmintel pe to eminedo Tou Saktuiiou, evw o d&ovag z elval kabetog og auto, OTwg
@atvetat otnv Ek. 1. Zta pépn A kat B pmopetl va xpeLlaotel va xpnolpoToLoeTe ToV TUTIO (AVATITUYHa
Taylor):

1
(I+x)F~1+ex+ 55(5 —1)22, whenz < 1.

q

Ewkéva 1. dopTtlopévog SaktuALlog aktivag R.

Mépog A. HAEKTPOOTATLKO SUVAMLKO GToVv dgova tou SaktuAiou (1 Movasa)

A1 Na uttoAoy(O€Te TO NAEKTPOOTATIKO SUVAULKO ®(z) Katd prKog tou daova tou  0.3pt
Saktuliou Kal o€ amdoTaonz Ao To KEVTPO Tou (onueio A otnv Ewk. 1).

A.2 Na UTIOAOYLOETE TO NAEKTPOOTATLKO SUVAULKO P(2) yLa TNV PLkpotepn pn pnde-  0.4pt
VLK 8Uvapn tou z, Bewpwvtag OTL LoyVEL N TIPOCEYYLoN 2z < R.

A3 ‘Eva NAEKTPOVLO (HE PAla m Kal NAEKTPLKO YopTio —e) ToTtobeteltal oto onuelo  0.2pt
A (Ew. 1, z < R). Mota 8vapn ou ackeltat oto NAEKTPOVLO; MeAETWVTAG TNV
€kppaon tng Suvaung, kabBopiote To TPACNHO TOU ¢, £TOL WOTE N Kivnon Tou
TIPOKUTITEL VA AVTLOTOLYXEL OE TAAAVTWON. TO KLVOUPEVO NAEKTPOVLO S€V ETINpE-
adeL tnv Katavourn @optiou otov SakTUALo.

A4 Mola elval N ywvLak cuxvotnTa w autrig TG apHoVLKNG TAAAVTWONG; 0.1pt

MéEpog B. HAEKTPOOTATLKO SUVAHLKO GTO £TILTIESO TOU SaKTUALov (1.7 Movadeg)

Z€ aUTO TO PEPOG TOU TIPOBARpaTOC Ba TIpEMEL va aVAAUCETE TO SUVANLKO P (r) 0TO eMLTIESO TOU SAKTU-
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Alou (2 = 0) Bewpwvtag OTL LoXVEL N Tipooeyylon r < R (onpelo B otnv Ewk. 1). Na tnVv PkpotePN pn
pN&evikn 8Uvapn Tou 7 To NAEKTPOOTATIKO SUVALKO uTtoAoyiletal amd tnyv eEiowon @(r) ~ q(a + Br?).

B.1 Na Bpeite pla ékppaon yla tnv otabepd 8. Towg XpeLaotel o tumog tou ava-  1.5pt
Trtuypatog Taylor ou oag §66nke.

B.2 ‘Eva nAekTpovLo, BplokeTal apxka oto onueio B (Ek.1, r <« R). Motwa eivatn 8u-  0.2pt
Vapn Tou aokeltal og auto; MeAsTwvtag tnv EKPpacn Tng Suvaung, kabopiote
TO TIPOCN O TOU NAEKTPLKOU POPTLOU TOU SAKTUALOU ¢ £TOL WOTE N Kivnon Ttou
TIPOKUTITEL VA AVTLOTOLXEL OE TAAAVTWON. TO KLVOUPEVO NAEKTPOVLO SV ETINPE-
adeL TNV Katavopr woptiou otov SaKTUALO.

Mé£pog C. H eotLakr amdotacn Tou eELEAVIKEUMEVOU NAEKTPOGTATLKOU (PAKOU: GTLYpLALA
poption (2.3 Movasdeg)

‘Eotw OTL OKOTIEVOUE VA KATACKEUACOUE LA CUOKEUN YLd £0TLAo NAEKTPOVIWY - SNAadr €vav nAe-
KTPOOTATLKO PaKo. AG Bewpriooupe TNV akoAouBn katackeur). O SakTUALOG ToTtoBeTelTaL KABeTa oTov
agova z OTwG Yaivetat otnv Ek. 2. ALaBETOUPE PLa TIYH TIOU EKTIEPTIEL SEOUEG NAEKTPOVIWVY OE U OXeE-
TLKLOTIKEG TaXUTNTEG. H KLUNTLKA EVEPYELA QUTWV TWV NAEKTPoVIiwY elval E = mwv? /2 kat EeKlvouv amo
TNV TINyr| o€ €MAKPLRWG EAEYXOUEVEG XPOVIKEC OTLYPEG. To cuoTnua TpoypappatideTal £ToL Wote o §a-
KTUALOG VA €lval NAEKTPLKA OUSETEPOG TLG TIEPLOCOTEPEG POPEG, AN TO POPTLo Tou Saktuliou yivetal
oo pe ¢ étav Ta nAektpodvia TANoLadouv o€ amdotacn PLKPOTepn amo d/2 (d <« R) amd 1o emninedo tou
SaktuAiou (n ypappookLaopévn TiepLloxr) otnv Eik. 2, n omoia ovopddetal “evepyn Tieploxn”). Zto pépog C
Ba uttoBEcoUPE OTL N POPTLON KAL N ATIOYOPTLON ELVAL OTLYHLALEG KL OTL TO NAEKTPLKO TteS0 ekTelveTal
OTOV XWPO €Tiong otlyplaia. Akopn, 6a Bewprjooupe apeAnTéa TNV eMidpacn payvnTkwy Tedlwv kat
Ba uTtoBEcoupE OTL N TaxUTNTA TWV NAEKTpoViwy otnv SlelBuvon Tou ¢ z elval otabepn. Ta KwoUpeva
NAekTpOVLA S€V SLATAPACCOUV TNV KATAVOUN YOPTLOU 0TOV SAKTUALO.

Y
q

Ewkdva 2. Mpotuto (MoVTEAD) EVOG NAEKTPOOTATLKOU (PaKoU.
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C1 Na urtoAoylogte TNV €0TLAKA aTO0TACN f AUTOU TOU (PaKoU. LToug uttodoyt-  1.3pt
opoUG 0ag va Bewpnoete OTL LoXUEL N TIPOCEYYLonN f > d. Na EKQPACETE TNV
andvtnor] oag os oxéon Pe tnv otabepd [ Tou Bprikate oTo uttoepwtnua B.1
Kat AAAEG YVWOTEG PUOLKEG TT0oOTNTEG. Na uttoBeoete OTL TipLV TNV APLEN TNG
otnV "evepyn TepLoxn”, N €opun NAEKTpoviwv elvat TtapaAnAn pe tov dagova
z KAl OTL LoyUEL N TIPOoEyyLon r < R. To T(POCNHPO TOU NAEKTPLKOU QopTiou
TOU SAKTUALOU ¢ TIPETIEL VA ETUAEYETAL £TOL WOTE O (PAKOG va 0TLAleL (va elvat
OUYKALVWV).

TNV TPAyPaTkOTNTA N TNy NAEKTpoviwv toTtobetelital otov d&ova z Kal og anoctaon b > f amo 1o
KEVTPO TOU SAKTUALOU. Oewpriote OTL Ta nAekTpodvLa Sev elval TA¢ov TtapdAAnAa pe Tov z-aova TpLv
@Tdoouv otnV "evepyr| TIEPLOXA”, AAAA EKTIEPTIOVTAL ATIO PLA CNUELAKT) TINYN KAl o€ €va eUPOG SLaope-
TIKWV YWVLWVY v < 1 rad wg Ttpog tov agova z. Ta nAektpovia Ba eotialovral o Eva onueio ou Bploketat
o€ anootacn ¢ and 1o KEVTPO Tou Slokou.

c.2 Na uttoAoyloete To c. Ekppdote TNV amavinor oag wg 1tpog tn otabepd 3 mou  0.8pt
Bprikate oto uTtoepwTNUA B.1 KAl AAAEG YVWOTEC (PUOLKEG TIOOOTNTEG.

c3 H e&lowon evog AetttoU oTTtkol (pakou 0.2pt
1,11
b ¢ f

LOXUEL aKPLBWG KAL yLa TOV NAEKTPOOTATLKO pakd; Na to amnodei&ete umoAoyi-
{ovtag To abpolopa Twv Adywv 1/b + 1/c.

Mé£pog D. O §aKTUALOG WG TTUKVWTNG (3 Movadeg)

To PATUTIO (MOVTEND) TOU PAKOUL TIOU BewpnBnKe PEXPL TWPA ATAV LEAVLKO Kal UTIOBECapE OTL 0 SAKTU-
ALog poptidetal akaplaia. TNV mpaypatikoTnta auto §sv cupBalvel, KaBwg o SAKTUALOG elval TTUKVWTAG
HE TIETIEPACPEVN XWPNTLKOTATA C. X aUTd TO PEPOG Ba aVOAUCOUE TLG LELOTNTEG AUTOU TOU TIUKVWTH.
Towg xpeLaoteite Ta akOGAoUBA oOAOKANpWUATA:

/ dz ‘cosw+1‘
h = —In|———| + const
sinz sinx
Kat
/ dz In’ +V1+ 2‘+ t
—_— = xr X const.
V14 a2

D.1 Na urtoAoyioete tnv xwpntikétnta C tou SaktuAiou. Na Bswprioete 6tL o 6a-  2.0pt
KTUALOG EXEL £Va TIETIEPACPEVO TIAATOG 2a AAAG va BUPAOTE OTL LOXUEL N TIPOCEY-
ywon:a < R.

‘Otav Ta NAEKTPOVLA PTAVOUV OTNV «EVEPYN TIEPLOXN», O SAKTUALOG OUVSEETAL PE PLa Tty oTabepng
taong v, (Ek.,3). Otav ta NAEKTPOVLA TIEPVOUV TNV «EVEPYT TIEPLOXI», N TINYr TACNG ATOCUVSEEETAL KAl
0 SaKTUALOG ouVSEeTaL PE TN Yelwon. H avtiotaon Twv enagwv glvat R, kat n avtiotaon tou (&lou tou
Saktuliou pmopel va BewpnBel apeAntea.
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Vo
'||—| Ry

Ewkdva 3. H pdption Tou HAEKTPOOTATLKOU (PAKOU.

D.2 Na rpoodlopioste To poptio oTov SAKTUALO WG CUVAPTHON TOoU Xpovou, ¢(t),  1.0pt

KOL VO KOTAOKEVAOETE PLa oXNUATLKA QVamapadotach Tou Va ateLKOVIZeL auThiV
v €§dptnon. Eotw otL yla ¢t = 0 Ta nAektpovia Bplokovtal oto emimedo tou
SaktuAiou. Moo eivat To NAEKTPLKO YopTio oTov SAKTUALO g, OTaV N amoAutn
TLUN TOU QPOopPTLoU ¢(t) elval péylotn; H xwpntikotnta Tou SaktuAiou eival C
(6nA., Sev xpeLddetal va XpnOLUOTIOLNOETE TNV EKYpaon Ttou Bprkate oto D.1).
Mapatripnon: H TIOALKOTNTA IOV paivetal otnv Eik. 3 elvat evEeLKTLKN. To Tipo-
ONMO TIPETIEL VA ETILAEYETAL £TOL WOTE O PAKOC Va E0TLALEL.

Mépog E. EoTLakn améotacn VoG TiLo pEAALOTLKOU pakoU: pn otlypLaia poption (2 Mo-
VAadeg)

Z€ QUTO TO PEPOC Tou TipoPAnuatog, Ba sEetdiooupe T AeLToupyla autoU TOU TILO PEAALOTIKOU aKoU.
Kat taAL Ba Bswprjcoupe aUeEANTED TO TIAATOG TOU SAKTUALOU 2a Kal Ba uttoBEécoupe OTL Ta NAEKTPOVLA
Klvouvtal TtapaAAnAa pe Tov agova z , TPV PTACOUV OTNV 'evepyr) Tieploxry. QoTO00, N POPTLON TOU
SaktuAiou Sev elval TAéov otLypLaia.

E.1 Na uttoAoyioete tnv gotLakr andotacn f Tou Yakou. Na uttobeoete OtL Loxlel  1.7pt
f/v> R,CxatdtLtad/vkat R,C elvat tng (&tag tagng peyéboug. Na ekppdaoete
TNV amavinor] oag o€ oxeon He tn otabepd [ Tou Bprikate oto PEPOG B kal
GAAWV YVWOTWVY (PUOLKWY TTOCOTHTWV.

E.2 Oa &elte OTL TO amotéAeopa yLa TNV €0TLAKN andotaon f elval mapopoto pe  0.3pt
auTo Tou AapBdvetal oto pépog C, OTIOTE N TLUN TOU NAEKTPLKOU YOPTLOU TOU
Saktuliou ¢ avtikabiotatal amnd TNV TN ge- BPELTE TNV EKYPAON TOU gefr OU-
VOPTAOEL TTOCOTATWY TNG EKYWVNONG.
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HAektpootatikog Pakog (10 Hovasdeq)

Mé£pog A. HAEKTPOOTATLKO SUVAMLKO oTOoV dgova tou SakTtuAiou (1 povasda)

A.1 (0.3 pt)

KukAwote tnv opBn amavtnon: g<0 or q>0.

A.4 (0.1 pt)

w =

Mépog B. HAekTpooTatLko SUVAHLKO GTO ETILTIESO TOU SAKTUALOU (1.7 pOVASEG)

B.1 (1.5 pt)

Na KUKAWGoETE tnv 0pBn amavnon: qg<0 or q>0.

MéEpog C. H eotLakr améotacn Tou eELEAVIKEUMEVOU NAEKTPOCTATLKOU (PAKOU: GTLYpLALA
(poptLoN (2.3 pOVASEC)

C.1 (1.3 pt)

f=
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C.2 (0.8 pt)

C.3 (0.2 pt)

Na KukAwoete TNV opbn amtdvtnon. H elowon yla tov Aemto pakd sivad: valid or not
valid.

Mé£pog D. O SaKTUALOG WG TIUKVWTHG (3 HOVASEG)

D.1 (2.0 pt)

C:
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D.2 (1.0 pt)

d d
la—— <t < — t) =
5y <t <3, q(t)

d
nat> —, q(t) =
CL q(t)

do =

To popTio 0TOV SAKTUALO WG CUVAPTNGON TOU XPOVOU:

q(t)

A

Mépog E. EcTLakn améostacn VoG TiLo PEAALOTLKOU (pakoU: pn otlypLaia poption (2 Mo-
vVadeg)

E.1 (1.7 pt)

=
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E.2 (0.3 pt)

deff =
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Electrostatic lens (10 points)
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2021 Theoretical Question 2 — Solution

Part A. Electrostatic potential on the axis of the ring (1 point)
A.1 (0.3 points)

The linear charge density of the ring is A\ = ¢/(27R). All the points of the ring are situated a
distance v/ R? + 22 away from point A. Integrating over the whole ring we readily obtain:

B(z) = 2 .
dmeg / R% + 22
A1 (0.3 pt)
q 1
O (z) = _
=) dmeg \/ R? + 22
A.2 (0.4 points)
Using an expansion in powers of z we obtain:
oy L _ 4 L o9 (-2
dmeg vV R2 + 22 4meoR 14 (3)2 dmeg R 2R? )
Y R
A2 (0.4 pt)
2
q z
~ 1——.
GV~ e ( 2R2>

A.3 (0.2 points)
The potential energy of the electron is V(z) =

dV (z)
dz

—e®d(z). The force acting on the electron is

de
edz N

ge
— Z.
47T€0R3

F(z) =

If this is a restoring force, it should be negative for positive z. Thus, ¢ > 0.

A.3 (0.2 pt)

qe

-z > 0.
47T€0R3Z q

F(z) =




.a A
S2-2

IPhO Lithuania _ _ _
2021 Theoretical Question 2 — Solution ENGLISH

A.4 (0.1 points)

The equation of motion for an electron is
qge

=0
47T€0R3Z

mz +

(here dots denote time derivatives). We therefore get

qge
W= ,/—.
4rmeoR3

A.4 (0.1 pt)

qe
W=, ——.
4rmegR3

Part B. Electrostatic potential in the plane of the ring (1.7 points)

B.1 (1.5 points)
There are two different ways to solve this problem: (i) using direct integration; (ii) using Gauss's
law and the result of part A.

Figure 1: Calculating electrostatic potential in the plane of the ring through direct integration.

(i) Direct integration. We will follow the notations of Figure 1. Since the potential has
cylindrical symmetry, let the point B, where we calculate the potential, be on the z-axis. Let

|OB| = r;|OC| = R.

Thus:
IBC|* = R* +r? — 2Rr cos 6.
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Electrostatic potential created by ring element d¢ at the point B:

1 AR d¢ 1 Ado

dd = =
dmeg \/R2 + 12 —2Rrcos¢  4meg \/1_|_

- )
7z — 25 C080

Using the expansion given in the formulation of the problem for ¢ = —1/2 we have:

Ado 1 /7 T 3/r? T 2
P ~ 1—=—=—-2— - = —-—2— )
d po— [ 5 <R2 Rcos<z§) +3 (R2 Rcos¢>

Ignoring the terms of the order r® and r* we get:

Integrating over all angles we finally obtain:

A 2m r r? (3 1
d(r) = 1+ —cos¢+ — [ =cos®p— = || do.
(r) 4#50/0 [ + Rcosqb—l— 7 <2cos o) 2)] o

2

q T
O(r) = 1 .
(r) 47T£OR< +4R2>

From here, comparing with the expression ®(r) = ¢(a + 7?), we obtain

1
6 n 167T80R3.
(i) Gauss’s law.
z
y T

Figure 2: Calculating electrostatic potential in the plane of the ring via Gauss's law.
Let us analyze a small cylinder of radius . The center of the cylinder coincides with the center

of the ring. In part A we analyzed the potential along the z-axis, while in this part we analyze the
potential along the radius r. For any z < R and r < R the potential has an expression:

o) = 1 (12 2 ) 1 qp?
=TT AreoR oRpz ) T
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The lowest order terms are quadratic in 7 and z. Due to reflection symmetry the potential does not
contain terms of the type rz. This, for example, immediately gives us a« = 1/(4mweqR). Thus, for
small 7 and z electric fields in the radial and axial directions are:

g E(z, 1) = —2¢0r.

5; ; = O pa”
(Z T) +47T€0R32

Applying Gauss's law to the cylinder we obtain:

yﬁg.dgzo - /5.d§+/5.d§:o.

side base

The second integral is:

qzr?

_’. _»: 2 _ =
/5 dS =2mr°E,(z,1) e I

base
The first integral is:
/5 dS = 4dnrz&,(z,r) = —8mqfr3=.
side

Gauss's theorem thus gives:
qzrz

2, _
el 8mqfrez = 0.
This immediately yields
g 1
a 167TE()R3,
which agrees with the result obtained via direct integration.
B.1 (15 pt)
1
b= 16meoR3”

B.2 (0.2 points)

The potential of the electron is V(1) = —e®(r). Force acting on the electron in the xy plane is
dV(r) d®(r) qe
F = — = == .
(r) dr ¢ dr 87r50R3T

To have oscilations we need the force to be negative for r > 0. Thus, ¢ < 0.

B.2 (0.2 pt)

qe

F(r)=+——r.
(T> +87T€0R3T

q < 0.
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Part C. The focal length of the idealized electrostatic lens (2.3 points)

C.1 (1.3 points)

Let us consider an electron with the velocity v = /2E/m at a distance r from the “optical” axis
(Figure 2 of the problem). The electron crosses the “active region” of the lens in time

d
t=—.
v

The equation of motion in the r direction:
mi = 2eqfr.
During the time the electron crosses the active region of the lens, the electron acquires radial velocity:

2 d
Uy = eqﬁr_ < 0.
m v

The lens will be focusing if ¢ < 0. The time it takes for an electron to reach the “optical” axis is:

'[;/— T . muv
el 2eqBd

During this time the electron travels in the z-direction a distance

mu? E

 2eqfd - eqdf

Az does not depend on the radial distance r, therefore all electron will cross the “optical” axis (will
be focused) in the same spot. Thus,

Az =tv=

B E
eqdf’

f=

C.1 (1.3pt)

E
eqdf

f=
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C.2 (0.8 points)

q

Figure 3: Focusing of electrons.

Let us consider an electron emitted an an angle 7 to the optical axis (Figure 3). lIts initial velocity
in the radial direction is: .
Upo = USINY R VY R UE,

where r is the radial distance of the electron when it reaches the plane of the ring. The velocity in

the z-direction is
v, = VCOSY R 0.

For small angles ~ the additional velocity in the r-direction acquired in the “active region” is the
same as in part C.1. Thus, the radial velocity after crossing the active region is
r  2eqpfrd

| 2eqprd

N
b m v

where the first term is positive and the second term is negative, since ¢ < 0. If the electrons are
focused, then v, < 0 (this can be verified after obtaining the final result). The electron will reach
the optical axis in time

o roo T B 1
bl T EEG T EEy
During this time it will travel a distance
c=tv=— ! _ !
- T 2egB d 1~ egBd | 1
m v T b B T
C.2 (0.8 pt)
1
c=— .
eqBd 1
E %
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C.3 (0.2 pt)
From the previous answer we obtain:
1 1  eqpd
b ¢  E
Comparing with the answer of C.1 we immediately obtain
1,11
b ¢ f’

i.e. the equation of a thin optical lens is valid for an electrostatic lens as well.

C.3 (0.2 pt)

The equation of a thin optical lens § + 1 = % is valid for an electrostatic lens.

Part D. The ring as a capacitor (3 points)

D.1 (2.0 points)

2

Figure 4: Calculation of the capacitance of the ring.

Let us sub-divide the entire ring into two parts: a part corresponding to the angle 2a¢ < 1, and the
rest of the ring, as shown in Figure 4. While the angle is small in comparison to 1, let us assume
that the length of the first part, aR, is still large compared to a («R > a). Let us calculate the
electrostatic potential ® at point K. It it a sum of two terms: the first one produced by the cut-out
part with an angle 2« (contribution ®;) and the second one originating from the rest of the ring
(contribution @,).

Contribution ®;. Since @ < 1, we can neglect the curvature of the cylinder that is cut out
from the ring. The linear charge density on the ring is A = 5Z-. The potential at the center of the
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cylinder is then given by an integral:

q o d(z/a) q ofifa qy

1 g /aR dx
! Ameg 2R Jo a2+ a2 4m%eR J, /14 (v/a)? 4120 R J, V142

Using the integral provided in the description of the problem we get:

aR/a q aR aR\”
= In | — 1 —
0 Am2e0 R " * * ( )

b, 71, (y + \/@)

B 47T2€0R

As aR > a,

q 2aR
b, ~ 1 .
' Ar2e0R " ( a )

Figure 5: Calculation of the capacitance of the ring

Contribution ®,. In this case we can neglect the thickness a. Using the cosine theorem we can
derive the distance between points K and L of Figure 5:

IKL| = 2Rsin%5.

The contribution ®, can then be written as an integral:

g, =21 1 /W o _ 4 /” do __q /”d(g): q /“/2 dy
T “omdmey ), 2Rsin?  8m2c0R J, sin? A4r%e0R J, si ¢ AmeR Jop siny

2 2

=

Using the integral from the formulation of the problem, we calculate:
/”/2 dy - cosy + 1 ”/2_111 cosa/2+1 ~lu 4
a2 SINX B sin a/2_ sin o /2 - o

for o <« 1. Therefore A
q
o, ~ Inl—].
> 4m2eR " (a)
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The total potential and capacitance. The total potential is the sum of ®; and ®,:

q 2aR q 4 q SR
O =>; + Py = 1 In(—) = In{— ).
1 4dm2e0R " ( a ) * Am2eg R " (a) Am2eoR " ( a

a drops out from the expression. From here we obtain the capacitance C' = ¢/® :

O — 47T2€0R
In (%7)
C —0asa—0.
D.1 (2.0 pt)
O — 47‘(’280R
I (5F)

D.2 (1.0 point)

Let ¢(t) be the charge on the ring at a time ¢t. Potential of the disk is thus ¢(t)/C. Voltage drop
of the resistor is Rol(t) = Rodg/dt. Therefore for time —& <t < £:

q(t) dg
C +R0dt =W.

Integrating this equation and keeping in mind that ¢(t) = 0 at t = —d/(2v), we get:
q(t) =CV (1 — e_ﬁe_ﬁ> :
The charge attains the largest absolute value at t = d/(2v). The value of the charge at this time is:
q = CVy <1 —e_ﬁ> .

When t > £ we get:
q(t) dg
— + Ryp— =0.
c T

From here:

St 4 d 4 ¢
q(t) = qoe RoC T 2Ry — CV() (ezuRoc —e 2uR0C> e RC.
Therefore, we obtain:

0 for t < —2%;

d
q(t) =< CV 1—e72vRoCe7Réic> for—%<t<i'

2v?

d _ da __t
CVp (R —e 2vRoC> e R fort > L.

For a lens to be focusing we require that charge is negative, therefore V; < 0. The dependence
of charge on time is shown in Figure 6.
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R

Figure 6: Charge on the ring as a function of time.

D.2 (1.0 pt)

For _4 <t< 4 q(t)=CV, (1_672“%0067#0)_
20 20’

d d o d ot
For t > 2, 4 (t) = CVj (erRoC —e 2vRoC> e RoC,
v

g = CVy (1 — e_ﬁ) Schematic plot of this function is shown in Figure 6.

Part E. Focal length of a more realistic lens (2 points)

E.1 (1.7 points)

Like in part C, the radial equation of motion of an electron is:
mi = 2eq(t)Pr,

where in this case ¢(t) depends on time. Using the notation 7 = 2¢/3/m, we obtain:
i —nq(t)r = 0.

As f/v > RyC, then during charging—decharging the electron does not substantially change its
radial position r, and we can assume r to be constant during the entire charging—decharging process.
In this case the acquired vertical velocity is

v, = 777"/ q(t) dt.
—d/(2v)
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We can use the derived equations for ¢(¢) and find the integrals. The integral fd/(%)

)2 A(8) At i
(using the notation d/v = tg, RyC =1, CVy = Qo):

/750/2 o) dt /t0/2 O (1 _ e*%e*%> dt = Qo (to -7 [1 - eitO/TD :

—t()/Q —t0/2
The integral fdo/o(%) q(t)dt is
/ Qo (e%2 — e_;%) e rdt = QoT [1 — e_tO/T] .
t0/2
Adding the two integrals we obtain for the final integral:

/ Tt = Qoto.

to/2

Interestingly, it does not depend on 7 = RyC. Therefore, the acquired vertical velocity of the
electron is

Ur =1

CVod  2eBCVydr
r = .
v muv
Following the logic similar to part C, we derive the focal length

fe— E
 eCVydB'
E.1 (1.7 pt)
E
f=- .
eCVodp

E.2 (0.3 points).

Comparing f = —E/(eCVydp) with f = —E/(eqdf) from part C we immediataly obtain g =
V.

E.2 (0.3 pt)

gett = CVp.
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Electrostatic lens (10 points)

General note: if student got the correct answer and the solution is physically and mathematically
correct, all the points should be given.

Part A. Electrostatic potential on the axis of the ring (1 point)

A1 (0.3 pt)  Potential created by a small element of the ring 0.1
Correct answer 0.2
A2 (0.4 pt)  Writing the equation in the form that contains a small 0.2
parameter (z/R)
Correct answer 0.2
A3 (0.2 pt)  Writing the expression for the force 0.1
Correct sign for ¢ 0.1
A.4 (0.1 pt)  Correct answer 0.1

Part B. Electrostatic potential in the plane of the ring (1.7 points)

B.1 (1.5 pt)

via direct Potential created by a small element dy 0.3

integration Correct expansion in (r/R) 0.3
Correct integration 0.6
Final value for 0.3

via Gauss's The expression of the potential 0.2

law The application of Gauss' law to a cylinder 0.4
Integral through the side 0.3
Integral through the base 0.3
Final value of 3 0.3

B.2 (0.2 pt)  Writing the expression for the force 0.1

Correct sign for ¢ 0.1




IPhO Lithuania M2-2
2021 Theoretical Question 2 — Marking Scheme ENGLISH

Part C. The focal length of the idealized model of an electrostatic
lens (2.3 points)

C.1(1.3pt)  Writing the equation of motion for r 0.2
Time of the electron in the “active region” 0.1
Radial velocity v, 0.3
Time to reach the optical axis 0.2
Focal length f 0.5
C.2 (0.8 pt) Initial velocity v, 0.1
Initial velocity v, 0.1
Radial velocity after traversing the “active region” 0.2
Time to reach the optical axis 0.2
Expression for ¢ 0.2
C.3(0.2 pt)  showing that 1/b+1/c=1/f is valid 0.2

Part C.1 and especially C.2 can be alternatively solved using geometrical considerations (i.e.,
angles and angles of deflection) rather the “kinematic” arguments presented in the official solution.
If the final answer is correct, all points should be given. If the final answer is not correct, but students
take an alternative approach, they should be given some points similarly to the table above. For
example, calculating the radial velocity after traversing the “active region” is equivalent to find the
angle of deflection after traversing the “active” region, so 0.2 points should be give.

Part D. The ring as a capacitor (3 points)

D.1 (2.0 pt)  The idea to separate the ring into two parts 0.4
Writing the expression for @, 0.2
Correct value of @, 0.3
Writing the expression for @, 0.2
Correct value of @, 0.3
Correct value of the total potential ® 0.4
Correct expression for C 0.2

The marking scheme above pertains to the exact solution. However some students might solve

the problem approximately using some quantitative arguments. In this “approximate” solution the

students might obtain a capacitance of the form ﬁl’TQﬁR, where A is a constant different from 8. If

students obtain such an answer, they should be given 1 point.
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D.2 (1.0 pt)  Diff. equation for —d/2v <t < d/2v 0.1
Correct answer for —d/2v < t < d/2v 0.2
Correct expression for g 0.2
Diff. equation for t > d/2v 0.1
Correct answer for t > d/2v 0.2
Accurate sketch (0.05 pt per each): 0.2
charge is negative
correct dependence for t < d/(2v)
correct dependence for t > d/(2v)
additional labels on the axes (qy, £d/ (2v))
Part E. Focal length of a more realistic lens (2.0 points)
E.1 (1.7 pt)  Equation of motion for r 0.2
Writing v, as an integral 0.4
Correct integral from —d/(2v) to d/(2v) 0.2
Correct integral from d/(2v) to oo 0.2
Correct expression for v, 0.2
Correct focal length 0.5
E.2 (0.3 pt)  Correct answer for q.g 0.3
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