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Zwpatidia kat Kopata (10 povadeg)

O SULOPOG KUPATOC-CWHATLSLOU, TIOU avaEpETaAL oTNV SUVATOTNTA VA TIEPLYPAYOUHE Eva cwHaATiSLO WG
KUPQ KaL auTLoTpo@wg, lvat pia armo tig Bactkeg evvoleg tng KBavtikng Mnyavikng. to mpoBAnua auto
Ba BaolotoUpe o€ autr TNV LE€A KAl HEPLKEG OKOMN BACLKEG UTTIOBECELG yLa VA SLEPEUVHOOUE PEPLKA
KBavtikd @awvépeva, KaAuTtovtag Toug U0 SLakpLtoug TUTIOUG CWHATLS{WY TOU PLKPOKOOHOU — Ta
PEPPLOVLA Kal Ta pTtodovia.

Mépog A. KBavtiLko cwpatidlo o€ kouti (1.4 povASEQ)

Oewpnote TNV eAeLBePN Kivnon evog cwpatidiov palag m o€ €va povodldotato Tnyasdt Suvaptkou,
omou n Suvapikn evépyela V(z) Slvetal amo tnv oxeon

0 0<z <L
Vigy=4" ~='=7 (1)
oo, x<0orzx> L.

Evw éva KAOOLKO CWwHATISL0 PTTOPEL va KLVETAL O€ TETOLO SUVANLKO £X0VTAG OTIOLASHTIOTE KLVNTLKI EVEP-
YELQ, YLO TA KBAVTLKA CWHATISLA ETILTPETIOVTAL HOVO CUYKEKPLUEVEG, SLAKPLTEG PHETAEV TOUG, BETLKEG EVEpP-
YELOKEG KATAOTAOELG (OTABWEG). Z€ OTIOLASHTIOTE TETOLA ETILTPETITI KATAOTAOT, TO CWHATISLO TIEpLYpaAYE-
TAL WG éva otaoLpo Kupa de Broglie pe eopoUc ota ToLywpatd Tou Tnyasdiou.

A1 Na uttoAoyloete TNV EAAXLOTN duvatr| evépyela By, €VOG KBavtikol cwpatt-  0.4pt
Slou. Na ek@pdoete TNV andvtnor oag CUVAPTHOEL TWV TIOCOTATWV m, L, Kat
NG otabepdg tou Planck h.

‘Otav eva owpatidlo €xeL TNV EAAXLOTN eVEPYELa, AEE OTL BplokeTal og BepeAlwdn katdotaon. Ot uTto-
AOLTIEG ETILTPETTEG KATAOTATELG ovopadovtal SleyepeVeG. Oa cUPPBOAICOUE TLG SLAPOPEG KATAOTATELG
(ta&wvopnpéveg katd oslpd avgouoag evépyeLag) we E,, Eekwvwvtag and to cUPPoAo E; yla tnv Bepe-
Alwén kataotaon.

A.2 Na Bpelte pla yevikr €kppaon yla tnv evépyela £, (0Tou n = 1, 2, 3,...). 0.6pt

A3 (Bewpovpe ot Eva owpatidlo petafaivel akaplata amod pia katdotacn o€ 0.4pt
GAAN POVO PE TNV EKTIOUTIN ) AoppOPnon VOGS YWToviou UE evepyela (on Pe
TNV eVEPYELAKN SLa@opd Twv SUo Kataotdoswv. Na Bpeite To pAkKog KUPATOG
Ay TOU (PWTOVIOU TIOU EKTIEPTIETAL KATA TNV peTaBaocn cwypatidiov amd tnv
TpWTH Sleyeppévn kataotaon (E,) otnv BepeAwdn (E,).

M£pog B. OTITLKEG LELOTNTEG TWV pOpPiLwV (2.1 HOVASEG)

Ze aQUTO TO PEPOG Ba peAeTr)ooupE SLAPOPEC OTITLKEG LELOTNTEG TOU Yoplou tng kuavivng Cy5 — éva gu-
PEWG XPNOLUOTIOLOUPEVO POpLo Bagr|g, Tou amelkovidetatl otnv Ek. 1a. OL OTITIKEG TOU LELOTNTEG Ka-
Bopiovtal katd Baon amod Tnv avBpakLkr aAucida, amoteAoUpEeVn amod eVAAAACCOHEVOUG amAoUg Kal
Sumhoug Seopolg petagl Twv atopwy avBpaka, Tou armelkovidovtal otny Ek. 1b, evw n emidpaon twv
SaktuAiwv ota épla tou popiou Kat Twv pLlwv R glvat katd oAU pikpotepn. Tpla amd ta técoepa nAe-
KTpoOvLa 08€voug kabe atopou C (kat Twv atopwv alwtou N) otnv avBpakikr) aAucida oxnpati{ouv Toug
Seopoug, evw ta evamopeivavta nAektpovia oBEvoug avikouy “amd kowvou” o OAd Ta ATopa KAl PTto-
pouV va Kvolvtal Katd Prkog tng avBpakikig ahuoidag. H kabBapr) Suvapikn evépyesla KABe TEtolou
NAEKTPOVLIOU aTteLkOVIZETAL PE TNV AETTTH NPLTOVOELSH KUPAWVOUEVN Ypappn TG Ewk. 1¢, pe EAdxLOTa TTOU
aVTLOTOLYOUV OTLG B€0€Lg TwV atopwy C kat N.
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V(x) A
~ L=10.5 R
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N Cc Cc ¢ N NCCGCGCCCCN x
(b) (c)

Ewkdva 1. (a) Xnuikr Sopry Tou popiou tng kuavivng Cy5 (yia amAdtnta, Ta dtopa uspoydvou
Sev armelkovidovtatl, evw Pe To cUPBOAO R uTtoSnAwvovTal KATToLEG XNULKEG plleg). (b) H avBpa-
KLK} aAuoisa tou popiou Cy5, pe péon andotaon PHETAEL atdpwy 1. (c) H SuvapLkn evépyela
TOU NAEKTPOVIOU KATA PAKOG TNG avBpaKLKG aAuaidag (AETTTr) ypappn) KaL n TipoogyyLor Tng
amoé Bnuatikr cuvaptnon 1ou Silvetat amo tnv €E. 1 (vtovn ypauun).

Ma amAétnta, Ba TpooeyylooupE auTr TNV HOPYH SUVAULKNG EVEPYELAG ATtd PLa ATIAR CUVAPTNON TIOU
Slvetal otnv EE. 1 pe mAdtog L = 10.50 (BA. €vtovn ypappn otnv Ewk. 1c), 6Tou | = 140 pm €lvat n peon
amootacn petagyL atdpwv (BA. emiong Ewk. 1b). Q¢ amotéAeopa, AapBdvoupe to “aéplo NAEKTpoViwY”
arnoteAoUpevo amd 10 nAektpovia (7 amod kabe dtopo C, 2 amd to dtopo N, kal 1 amd to v NT), Tou
Kweltal EAeUBepa 010 PovoSLAoTato KOUTL Kal HEAETNBNKE EMTAPKWE OTO PEPOG A. ZTOUG UTTIOAOYLOHOUG
pag, yropoupe va tapaBAEPoUpE TNV OANAETIIS pac AUTWY TwV NAEKTPOVIWY, OPWG Ba TIPETEL va oU-
VUTIOAOY({OOUpE TO yEYoVOG OTL Ta NAEKTPOVLA elval PEPHLOVLA, CUVETIWG UTIAKOUV OTNV ATIAYOPEUTLKN
Apxn tou Pauli. MapapAenoupe eniong tnv enidpacn AAWV NAEKTPoViwv KaBwg Kat Tnv kivnon twv
TIUPAVWV.

B.1 Na urtoloyloste To pJeyaAUTEPO PNAKOG KUPATOG A TOU pwtoviou Tou propel  0.8pt
va amoppopnBel anod to popLo Cy5, uttoBEtovtag OTL To cUOTNHA NAEKTPOVIWY
Bpioketal apyika otnv BepeAlwdn kataotacn. Na ek@PACETE TNV amavtnon
0ag CUVAPTIOEL TOU [, KATAAANAWY (PUOLKWY OTaBepwv Kal Twv amapaitn-

TWV apLBPNTIKWY CUVTEAECTWVY KAL VA UTTOAOYLOETE TNV avtiotolyn aplOuntkn

TwLn.

B.2 ‘Eva aAAo popLo Bagng, to Cy3, éxeL tapdpoLla Sopr), aAAd n aAucida eival Bpa-  0.4pt
xUtepn katd Suo dtopa avBpaka. To pAacpa arnoppoynor|g Tou petatoriletal
TIPOC TO LWSEG 1} TO EpUBPO AKPO TOU opatol YACHATOG, O CUYKPLON HE TO PO-
pLo Cy5; Na UTIOAOYLOETE TNV TLPI TOU A yLa QUTHA TNV QACUATIKN PETATOTILON.
Mmopeite va untoBeoete OTL N amopdkpuvon SUo atopwyv dvBpaka dev aAAa-
{eL TO oxnpa Tou poplou Kal amiwg kablotd tnv akucida Bpaxutepn kKatd SUo
povadeg anootacng PETagy SLadoxLKWV aTOpwV.

ZtnVv Sleyeppévn katdotaon, €va HopLo pmopel va petaBel otyplaia otnv BgpeAlwdn Katdotaon k-
TIEPTIOVTAG PWTOVLO. O pESOG PUBPOG K TETOLWV CUPPBAvTwY (8nA. n oxetkn pelwon dN /N tou TAn-
Boug Twv poplwv Tou Bplokovtal og Sleyeppévn Katdotaon o€ xPovikd Sdldotnua dt, Slvetat amod tnv
K = L dI¥) kaBopiletal arnd to prikog KUHATOG A TOU EKTIEUTIOPEVOU YWTOVIOU, TNV NAEKTPLKN portr d
pETABaong tou SurdAou (TTou elvat Ttng Tagng peyeBoug d =~ el , Y€ e TO OTOLXELWSEEG NAEKTPLKO POoPTLO)
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KaBwG KaL tnv SLNAEKTPLKN oTabBepd Tou kevou e, Kat TV otabepd tou Planck h.

B.3 Xpnotyotowwvtag Slactatikr) avdAuon, va Bpelte pla ekppaon yla tov pubuo  0.7pt
auBoppunTNG akTLVoBoALlag CUVAPTACEL TWV &, h, A, KAl d. O aplBOPnNTLKOG CUVTE-
A£0TAG yLa TNV €kppacn autr Sivetat k = 1873,

B.4 Ma to popLo Cy5, d ~ 2.4 el. Na UTTONOYIOETE TNV Pean XPOVLKA SLApKeELa T¢ys  0.2pt
(PBOPLOPOU (PWTLOPOU) TNG PLKPOTEPNG SLEYEPHEVNG KATAOTACNG TOU Popilou
Cy5, Ttou elvat avtioTpon Tou pUBHOU EKTIOUTING KATA TNV peTdBacn otnv Be-
HeEALWSEN otabpun.

Mépog C. Zupmtukvworn Bose-Einstein (1.5 povadeg)

To pépog autod Sev oxetidetal dueoa pe ta pépn A kat B. ESw Ba peAETACOUPE TNV CUANOYLKI) CUPTIEPL-
@opa pmodoviwv. Ta prmolovia §ev UTIAKOUV OTNV AmayopeUTLK apxr) tou Pauli kat — og xaunA&g Bep-
HOKPAOLEG 1) UPNAEG TTUKVOTNTEG — Tapatnpeltal éva @avopevo TIou ovopadetal ZUPTiUKVWon Bose-
Einstein (Bose-Einstein condensation, BEC). Autr] elvat pia aAayr| ¢daong o€ pLa evéLa@épouca cUANO-
YLKN KBavTikr katdotaon: éva pJeyaho TARB0¢ TTaVoPoLOTUTIWY cwHattsiwy "cupmukvwvovtal” os pla
povadikr KBavtikr katdotaon kat apx{{ouv va cupmepupEpovTal WG €va KUPa. TUTILKG, N PetaBaon
TIpaypatoToLelTal e TNV YPUEN eVOg CUYKEKPLUEVOU TTAB0UG cwHaTLS LWV KATW aTto pia kplowun Beppo-
KPaoia. OEwpnTLKA TO aTOTEAECHA QUTO PTToPEL av emiteuxBel Statnpwvtag otabepr tnv Beppokpacia
Kat pETaBaiiovtag TNV TIUKVOTNTA TtEpa anod pia kplotun Tun.

Oa &ekvrjooupe Slepeuvwvtag tnv oxeon petafu Beppokpaciag Kat TUKVOTNTAG TwV CWHATLS LWV Katd
TNV petdpacn. Omwg TPOKUTITEL, pLa EKTIPNON TWV KPIloWWWV TLHwv pttopel va e§axBel and pla amin
mapatipnon: H BEC cuuBaivet dtav 10 prjkog kuuatog de Broglie mou avtiotolyel atnv evepyo tTayutnta twv
owpattdiwy elvat (0o e TNV YapakTnPLOTIKY) ATooTAc avdueoa ota dtopa evog agpiou.

c.1 Ma éva aéplo pn aAANAemLSpovtwy poplwv 87Rb og Bepuikn LooppoTiia, vaypd-  0.4pt
PETE TLG EKPPATELG TNG TUTILKNG OPHUAG TOUG p KAL TOU TUTILKOU PKOUG KUPATOG
de Broglie \gg WG CUVAPTNOELG TNG ATOMLKNG Padag m, TN Beppokpaciag 7' kat
KATAAMNAWY (PUCLKWY oTaBepwv.

c.2 Na uttoAoylogte TnVv TuTLkn anootaocn ¢ petagl owpatidiwv evog agpilou, ou-  0.5pt
VaPTHOEL TNG TIUKVOTNTAG cwHatisiwy n. ATIO autr va Bpeite tnv Kplowun Bep-
pokpaoia T, ocuvaptroeL TNG ATOMLKNG HALAg, TNG TIUKVOTNTAG KAl KATAAANAWY
(PUOLKWV OTABEPWV.

Fa tnv epyactnpLakn mpaypatomnoinon tng BEC, oL etpapatiotég pemel va Pugouv aépla os LdLattepa
XapnAeg Beppokpaotieg 7, = 100 nK.

c3 Mola glvat n ukvotnta n, Tou agpiou Rb, av n petdpBaocn cupPaivel o€ tétola  0.6pt
Beppokpaocta; MNa Adyoug oclyKpLONG. va UTIOAOYLOETE eTtiong TV ‘cuvndn " Tu-
Kvotnta n, VoG Ldavikou agpiou oe Kavovikég ZuvBnkeg, dnA. T, = 300 K kat
po = 10° Pa. Mboeg popég peyalltepn eival n ‘'ouvrOng mukvotnta; Na uto-
B¢oete OTL N pada Twy atopwy eival 87mAdcota tng Atoptkng Movdsag Madag

(Mamu)-
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MéEpog D. OTtTLKA TTAEypATA TPLWV AKTIVWVY (5 HOVASEG)

OL tpwteg BEC mpaypatomotifnkav to 1995 kat and TéTe N MELPAPATLKN epyacia StakAadioTtnke TIpog
SLAopeC KATEUBUVOELG. € AUTO TO PEPOG Ba SLepeUVAOETE PLa LSLaitepa KapTowopa L&Ea: TNV TOTIOo-
B€TNoN TOU CUPTTIUKVWHATOC O€ SUVAPLKA XWPLKNAG TIEPLOSLKOTNTAG, TA OTIOLa TTIapAyovTaL ato TNV GUH-
BOAr CUVEKTLKWY aKTLVWV laser. AOyw TG TIEPLOSLKNG HOP PTG TOUG, OL TIPOKUTITOUCEG ELKOVEG CUUBOANAG
ovopalovtat ontikd mAéypara. H Suvapikn evépyela V (7) evog atdpPoU TIOU KLVELTAL OE OTITLKO TIAEya -
vat avdAoyn Tng TOTILKAG €VTaonG TOU PWTAC, YEYOVOG TIOU UTIOPELTE Va UTIOBECETE OTL LoYUEL yLd TOUG
uTtoAoyLlopoUg oag,.

V(F) = —a (E(7,1)). (2)
OTIOU « €lval pla Betikn otabepd. Ta cUPBOAA < Kat > UTTOSNAWVOUV PEON TLUA WG TIPOG ToV XpOVo, N
ottola eEaAeleL TNV cUVELOYOPA TWV Yopyd HETABAAOPEVWY OpwV. To NAEKTPLKO TIESLO TTOU TTapayeTal
amo to i-oto laser Slvetat amo

- —

E; = E, &, cos(k, -7 —wt), (3)

610U E, ; €lvat To TAATOG, k; TO KUPATAVUOUA KAL §; TO PoVasLaio SLavuopa TOAWGNG.

(b)

(a)

Etkéva 2. (a) Omtikd mAéypa Tpuv aktivwy: tpia emineda kpata pe kupatavoopata &, , 5
OUMBAAOUV otV TtepLloxn Tou opLoBeteital amd tov ykpilo KUKAo. (b) Afoveg ocuppetplag
EVOC KAVOVLKOU €£QyWVOoU: Ol CUPTIAYELG KOL Ol OTLKTEG YPAUMEG Selyvouv SUo oUvoAa a&o-
VWV cuppeTplag. (¢) Zaypatiko onueio (=onueio mavw otnv emupavela céAag): elval to onueio
pLag eTLPAVELAG OTIOU OL KALOELG O apolBala kabeteg Sleubuvoelg elvat pndev, evw to onpeio
Sev elval TOTILKO aKpOTATO TNG cuVAPTNONG. Katd Prkog tng cuptiayoUg TPOXLAG alveTal OTL
ouvavtdpe éva eAaxLoto. Artatteital poobetn avdAuon o€ TpoxLd KABetn otnv Tpwtn (8La-
KEKOMMEVN YPAUMN) YLa va SLaKPLOEL éva TTpaypatikd EAAXLOTO ATTO TO OAYHATIKO GrUELo TToU
glkoviletal.

TKoTtdG 0ag elval va HENETHOETE TPLYWVIKA OTTTIKA TTAEyaTa TToU tapdyovial amo thv gULBOAR TPLWY TuVe-
KTLKWV aktivwv laser kown¢ évtaong. Mua tutitkr) Statagn @aivetat otnv Eik. 2a. ESW Kal oL TPELG OKTIVEG
elval TToAwpeveg katd tov agova z, Stadidovtal oto eminedo zy Kal TEPvovtal uto Loeg ywvieg 120°. Na
eMAEEETE TNV KatewBUVON Tou GEova = TTapAAANAN TTPOG TO KUPATAVUGHA k.
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D.1 Xpnotpomowwvtag Tig EE. 2 kat 3 va Bpelte pla €kppaocn tng SUVAPLKnG evep-  1.4pt
yeLag V (7) wg ouvdptnong tou 7 = (z,y) OTO EMUTESO TWV AKTIVWV.
Ymdderén: to anotéAecpa pmopel va ekppactel KopPa uttd TNV Hopr| eVog ota-
Bepol dpou Kal Tou aBpolopaTog TPLWV CUVNPLTOVOELSWY CUVAPTHOEWY HE
oplopata b, - 7. MapakahoVPE va ypAPETE TO AMOTEAECHA OTNV HOPYH AUTH
KAl Va TAUTOTIOLAOETE Ta Staviopata b;.

D.2 H mtpokUTitouca SUVAPLKD evEpyeLa £XeL evav eEamAd dfova ouppetpilag ek Tie-  0.5pt
pLoTpoPng, SnA., N Katavoun Suvapkol Sev aAAdeL e TNV TIEPLOTPOYH) KATA
ywvia Tou elvat moAamAdoLa twyv 60° yUpw amo tnv apyr Tou CUCTAPATOG
avapopdc. Na SLatuTwoETE £va amAo ETILXELPNHA yla va amtoSe(EETe OTL QUTO
LoYUEL.

H mtponyoUpevn tapatrjpnon mept cuppeTplag, amiomolel TNV avaiuon Twv SLoSLACTATWY KATAVOUWV
Suvaptkou V(7). Onwg gaivetat otnv ELk. 2b, éva kavoviko e§Aywvo €xeL A§oveG CUPPETpLag TTou cuVEE-
0LV aVTLBETEG KOPUWEG (CUPTIAYELG YPAUUEG) KL TA pEoa onpela avTIBETWY TTAEUPWVY (OTLKTEG YPAMHEC).
Ztnv meplmtwon pag Aoumodv Sev amaltouvTal N apaywyr Kaw n heAETn ypapnuatwy dtodtdotatwy Su-
VAPLKWY, Ao TIOAAG CUPTIEpAcHata ITtopolv va e€axBoulv eotlaloviag oTtoug AEoVeG CUVTETAYHEVWY
x KAl y, TIOU cupTiintouv e a§oveg ouppeTplag.

D.3 Na ekpPACETE TNV CUPTIEPLPOPA TOU SUVAPLKOU V (7) KaTd PrKog twv agovwy,  1.2pt
SnA., va Bpelte tig ouvaptroslg Vy(z) = V(z,0) kat Vi-(y) = V(0,y). Na gvto-
TILOETE TLG BEOELG AKPOTATWY TWV SUVAULKWV Vi (z) KaL Vi (y) OUVAPTHOEL EVOG
Kat povadikoU oplopatog. Adyw TnG EPLOSLKOTNTAG TWV CUVAPTHOEWY AUTWVY,
TIAPAKAAOUE VA CUPTIEPNAPBETE OTA ATTOTEAECPATA 0aG HOVO Evav EKTIPOCWTIO
KABE OLKOYEVELAG TIEPLOSIKA ETTAVAAAPBAVOUEVWY EAGXLOTWY KAL PHEYLOTWV.

EmiBupolpe va kaboplooupe TLg BECELG TWV amoKaAoUPEVWY tormofeatwy mAgyuatog, SnA., Ta eAdyLlota
ToUu TApOUG SLodLdotatou Suvapikol V(7). Ta eAdXLoTa TwWV cuvapTAoEwWV povadikol oplopatog Vy
Kat Vy- uTtoSNAWvouV TLg tomoBeoleg TAEypatog, aAd Ba TipemeL va eAeyxBouv yia va e§ac@aAlotel Ot
Sev avtiotoLouyV o€ caypatikd onuela. Onwg @aivetal otnv Ewk. 2¢, JEAETWVTAG TA OAYPATLKA onpela
Katd unkog ptag dtevBuvaonc, eveEXETAL va TA TIAPEPUNVEVUCOUNE WG EAAXLOTA, EVW Sgv Elval TEToLA.

D.4 Na eAéyEeTe Ta AMOTEAEOPATA TNG TIPONYOUHEVNG EpWTNONG YLa va kabopioete  0.8pt
TA TIPAYHATLIKA EAAXLOTA TOU OTITLKOU TIAEYHaTOG: Na TAUTOTIOL ) 0ETE OAQ TA LOO-
Suvapa eAdyLota Tou Bpilokovtal Kovtd otnv apxr TOU CUCTIAHATOC AVa@opdag
aAAG Sev cupTtinttouy pe autrv. Mola lval n andotaon a avdpeod ota gyyu-
TEPA EAAXLOTAQ, ), AAALWG, TToLd €lvat N otaBepd MAEyHQTog TOU OTITIKOU TIAEyHa-
T0G; Na eKQPACETE TNV amdvtnon 0ag CUVAPTAOEL TOU PAKOUG KUPATOG A1, TOU
laser.

H NAEKTPLKN OUSETEPOTNTA TWV UTIEPPUXPWV ATOPWV UTIOSNAWVEL OTL OL PETAEL TOUG AAANAETILE PATELG
amoKToUV onpacia povo pévo dtav sUo r epLocodtepa dtopa katahapBdavouy tny sla tomobeoia evog
OTITLKOU TIAEYHATOG. OLTIELPAPATLOTEG OPWG elvaL eTiong o€ B€on va SLepeuvroouy SLATAEELG TTOU ETILTPE-
TIOUV ATOMLKEG AANAETILE pACELG PEYAANG KALpakag. Mua TiiBavr) tpocgyylon Baciletal otnv dnuloupyia
TWV aTIOKAAOUPEVWY atdépwv Rydberg Tiou TOCO OL SLACTACELG TOUG 000 KAl AANEC (PUOLKEC TIAPAUETPOL
mtatpvouv e§aLpeTIKA peYAAEG TLHEG. MpoKeLTaL yla Sleyeppeva Atopa Pe eva NAEKTPOVLO va Pploketat o€
Kataotaon pe oAU uPnAn Tl KUpLou KBavtikou aplBpou n. To péyeBog evdg atopou Rydberg pmopet
Va EKTLUNBEL HEOW TOU UTIOAOYLOHOU TNG AKTLVAG TNG KAQOLKAG KUKALKNG TPOXLAG AUTOU TOU NAEKTPOVIOU
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HE TPOXLAKN OTPOWOopPHN nh, OTIOU h elval n avnypévn otabepd tou Planck.

D.5 Na uTtoAOYLOETE TNV TLUI TOU n TIOU AVTLOTOLXEL O€ aktiva tou atdpou Rydberg  1.1pt

Tou Rb ouykplolun pe To pRKog KUPATOG A\, = 380 nm aktivag laser. Na ekgpa-
OETE TNV ATTAVTNON 0A¢ CUVAPTIOEL TOU \j,c KL KATAAMNAWY QUOLKWVY oTabe-
pwv. Na uttoAoyloete TNV avtiotolyn aplBunTikn TLn.
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Zwpatidia kat Kopata (10 povadeg)

Mépog A. KBavtiLko cwpatidio o€ kouti (1.4 povasdeg)

A.1 (0.4 pt)

Emin =

M£pog B. OTITLKEG LELOTNTEG TWV popiwy (2.1 povadeg)

B.1 (0.8 pt)

Ekppaon: A =

ApLOUNTIKA TLA: X ~

B.2 (0.4 pt)

Na emiAeEete TNV 0pOr| amo TG akoAouBeg SUo amavtrioels. To paopa anoppoynong tou Cy3 sival
METATOTILOMEVO TIPOC: 0 1o Wwbeg 0 to epubpd

METATOTILON ACHATOG KATA AN ~

B.3 (0.7 pt)

K =

B.4 (0.2 pt)

ApBUNTKA TLUA: Teys ~

Mépog C. Zupttukvwon Bose-Einstein (1.5 povasdeg)
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C.1 (0.4 pt)

C.3 (0.6 pt)
‘Ekppaon: n, =
ApLOpNTKA TWA: n, ~
‘Ekgppaon: ny =

ApLlOpNTKA TWA: ng/n,. ~

Mé£pog D. OTTTLKA TIAEYHATA TPLWV AKTLVWYV (5 HOVASEC)

D.1 (1.4 pt)

D.2 (0.5 pt)
Emuxelpnua:




Theory

'. -
||
IPhO ;ggluqmq Greek (Greece)

EAdyLoto (-a) of Vy(z): atz =

Méyioto (-a) of Vy(z): atz =

EAdxLoto (-a) of Vi (y): aty =

MéyLoto (-a) of Vy(y): aty =

D.4 (0.8 pt)
AOYOG TnNG oTabepdg TOU TAEYHATOG TIPOG TO WIKOG KUPATOG Tou laser: a/\ s =

OL B0l OAWV TwV LooSVVaPWY eAayioTwy Tou Bplokovtal TTANCLECTEPA OTO CNUELO avapopdag:

D.5 (1.1 pt)

Ekppaon: n =

ApLOpNTKA TUN: n ~
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Particles and Waves (10 points)

Part A. Quantum particle in a box (1.4 points)

A.1 (0.4 points)

The width of the potential well (L) should be equal to the half of the wavelength of the de Broglie
standing wave Aqg = h/p, here h is the Planck’s constant and p is the momentum of the particle.
Thus p = h/Aqs = h/(2L), and the minimal possible energy of the particle is

2 h2
Emin = p_ = 5"
2m  8mlL
A1 (04 pt)
h2
Fmin = 17

A.2 (0.6 points)

The potential well should fit an integer number of the de Broglie half-wavelengths: L = %)L(Yl;) - n,

n=12,.... Therefore, particle’s momentum, corresponding to the de Broglie wavelength /1((1'1;) is
o = h  hn
n — (I’l) - ia
AdB

and the corresponding energy is

2 2.2
jos hen
E = — = s :1,2,3,.... 1
" 2m  8mlL? " M
A2 (0.6 pt)
h’n?
"= iz = Ee

A.3 (0.4 points)

The energy of the emitted photon, E = hc/A (here c is the speed of light and A is the photon’s
wavelength) should be equal to the energy difference AE = E, — E, therefore

he  8mcL®

Aoy = -
27, —E 3h
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A.3 (0.4 pt)
8mclL?
Aot =
21 3h

Part B. Optical properties of molecules (2.1 points)

B.1 (0.8 points)

Taking into account the Pauli exclusion principle, each energy level E, is occupied by two electrons
with spins oriented in the opposite directions. As a results, 10 electrons fill the lowest 5 states,
and the absorption of the photon of the longest wavelength corresponds to the transition of one
electron from the occupied Es to the unoccupied E4 energy state:

he E _E

A — L6 5
where E¢ and E5 can be found from Eq. 1, where m is replaced with the electron mass m.. Hence

we obtain:
_c-8mel®  10.5%-8mecl® 882 mecl?

C h(62-52) 11 h 11 h
This result correspond precisely to the experimental value the peak position of the Cy5 absorption
spectrum.

~ 647 nm.

B.1 (0.8 pt)

882 mecl?

— . Numerical value: A = 647 nm.
11 h

Expression: A =

B.2 (0.4 points)

In the similar model for the Cy3 molecule, there are 8 electrons in the box of length L = 8.5I,
thus photon’s absorption corresponds to the E; — Es transition. Taking into account the result of
question B1, we obtain
An 8.52 -8 mecl®
3T (52-42) p

i. e. the absorption spectrum of the Cy3 molecule is shifted by AA =~ 129 nm to the blue comparing

~ 518 nm,

to that of the Cy5 molecule. The experimental value is )L(Ce;?) = 548 nm, so that our model catches
general properties of these dye molecules rather well.
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B.2 (0.4 pt)

Absorption spectrum of Cy3 is shifted to the (check): = bluer O redder

spectral region by AA = 129 nm.

B.3 (0.7 points)

Let us assume

K = keShPAvd°. )
The Sl units of the relevant quantities are:
A2 . gt ko - m2
o] = ———  [=-""  [AJ=m,  [dl=A-s-m  [K]=s"
kg - m S

By plugging these expressions into Eq. 2 we obtain a simple system of linear equations for the
unknown powers «, B, y, and é:

20+6 =0, —a+ =0, da—-f+6=-1, —-B3a+2f+y+6=0.
By solving this system we get:
a=p=-1, Yy = -3, 6=2,

so that the rate of spontaneous emission is

167 d? 3
3 gh)3

B.3 (0.7 pt)

_167r3 d?

B 3 th/p‘

B.4 (0.2 points)

By using the result of question B.2 and expressing transition dipole moment as d = 2.4 el, we obtain

from Eq. 3:
3 th

= — A3 ~ 3.3ns.
1673 2.42]2¢2

TCys

B.4 (0.2 pt)

Numerical value: 7cys ~ 3.3 ns.




IPRO Lithuanic S3-4
2021 Theoretical Question 3 — Solution ENGLISH

Part C. Bose-Einstein condensation (1.5 points)

C.1 (0.4 points)

At temperature T, the average kinetic energy of translational motion is %kBT. Equating this result
to p?/(2m), we obtain typical momentum p = v/3mkgT and the de Broglie wavelength

S
a5 P V3kaT‘
C.1 (0.4 pt)
p = \3mkgT Aap = ——
B a® V?)kaT‘

C.2 (0.5 points)

The volume per particle V/N is a good estimate for £3. We obtain £ = n™/3, with n = N/V and
equate £ = Agg to express T, = h®n?/3/(3mkg).

C.2 (0.5 pt)

h2n2/3
- 3ka '

£ =n13 T.

C.3 (0.6 points)

Using the answer to the previous question, we express n, = (3mkgT;)/?/h3. Equation of state for the
ideal gas gives ng = p/(kpT). Numerical estimations yield n, ~ 1.59- 10 m™® and ny/n, ~ 1.5 10.

C.3 (0.6 pt)

(3 - 87 mamukBTC)S/2
h3 ’

Numerical value: n, ~ 1.59 - 10" m=3.

Expression: n, =

Expression: ng = p/(kgT). Numerical value: ny/n. = 1.5 - 107.
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Part D. Three-beam optical lattices (5.0 points)
D.1 (1.4 points)
We sum the three electric fields (z components)
3 -
E(F,t) = E, Z cos (ki - a)t) , (4)
i=1
and square the result
33 _
E*(Ft) = E Z Z cos (k, r— a)t) cos (k] r— a)t)
i=1 j=1 5)
B2 5> .-
= - ; JZ:; {cos [(ki - kJ) r] + cos [(kl + kJ) r— Zwt]}
Time averaging gives
E2 3L .-
2 -
(B2(7, 1)) = ?;;cos[(kl—k]) r], ©6)
we analyse the 9 terms and simplify to
3 S -
(E*(F,t)) = E; (§+Zcosbj-?). (7)
j=1

Here 1;1,2,3 = (I_c)z - Eg), (123 — El), (Izl - I:z) or in terms of the Levi-Civita symbol, I;k = g,-jk(l_c),- - I;j).

Incidentally, they are known as the reciprocal lattice vectors.

D.1 (1.4 pt)
3
V(¥) = —aE; ( Z )
j=1
5121_(;2—]_(;3, E—Izg—kl, 532121—]_(;2.

D.2 (0.5 points)

D.2 (0.5 pt)

of —I;’s.

Argument: Observe that rotation by 60° maps the three vectors 51,2,3 into the relabelled triplet




'.‘

IPhO Lithuania S3-6
2021 Theoretical Question 3 — Solution ENGLISH

D.3 (1.2 points)

We find
V(x,y) = —aE? {E + cos (ky\/’g) + cos (S‘k_x + M) + cos (S‘k_x - @)}, (8)
2 2 2 2
and deduce L
Vx(x) = —aE> {g+2005 STX} 9)

The potential has a simple cosine form, and the origin in an obvious minimum. Its replica appear at
multiples of Ax = 47/(3k). In the midpoint between any two minima, e.g. at x = Ax/2 = 2x/(3k),
the function Vx(x) has its maxima.

Concerning the behaviour along the y axis, we have

3
Vy(y) = —aE? {5 + cos 2¢ + 2 cos (p}, Q= \/§ky/2. (10)

Looking for the extrema, we find the equation
sin 2¢ + sin ¢ = 0. (11)
o ¢ =0 is the ‘deep’ minimum — the lattice site;
o ¢ = is the ‘shallow’ minimum (later shown to be a saddle point of V(x,y));

o ¢ =2r/3 and ¢ = 4x/3 are maxima.

D.3 (1.2 pt)

53 3kx
Vx(x) = —aE 2 +ZCOST .

3
Vy(y) = —aE} {5 + cos 2¢ + 2 cos q)} , here ¢ = V3ky/2.
Minimum (-a) of Vx(x): x = 0.
27

Maximum (-a) of Vx(x): x = A

2
Minimum (-a) of Vy(y): y = 0 (‘deep’) and y = Tﬂk (‘shallow’).
3

81

41
Maximum (-a) of Vy(y): y= ——— and y = ———.
y\y):y Y 33k

33k
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D.4 (0.8 points)
We review the minima found in the previous question and eliminate the saddle point at (0, 27/3V3k).
The actual minima of the 2D potential landscape V(x, y) are:

o (0,0) — at the origin;

o (4m/(3k),0) — nearest to the origin in the positive direction along the x axis. On the grounds
of symmetry we argue that there are six equivalent nearest minima in the directions 0°, £60°,
+120°, and 180° with respect to the x axis.

Distance between nearest minima (the lattice constant) a = 4/(3k). Given that the laser wave-
length is Ajps = 271/k, we have a = Ax = 2A1,5/3.

D.4 (0.8 pt)
. . 2
Ratio of the lattice constant to the laser wavelength: a/Aj,s = 3

Positions of all equivalent minima nearest to the origin: in the directions 0°, £60°, £120°,
and 180° with respect to the x axis.

D.5 (1.1 points)

The atom’s core electrons (all but the one promoted to to a state with a high principal quantum
number n) shield the electric field of the nucleus so that the effective potential for the outer electron
resembles that of a hydrogen atom. The attractive force acting on that electron, F = e*/(4meor?),
gives rise to its centripetal acceleration a = v®/r. Equating F = mea and using the expression
for the angular momentum m.or = nfi to eliminate the velocity, we find the quantum number n
corresponding to the orbit with the radius r = Aj,:

met 85. (12)

e
n=—
/] 471'60

D.5 (1.1pt)

e [meld

Expression: n = — Numerical value: n = 85.

4eg
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Particles and Waves (10 points)

General note: if student got the correct answer and the solution is physically and mathematically
correct, all the points should be given.

Part A. Quantum particle in a box (1.4 points)

A.1(0.4 pt.) Relation between Aqg and p 0.2
Relation between Aqg and L 0.1
Correct answer 0.1
A.3(0.6 pt.) Relation between )Lé'l;) and L 0.4
Correct answer 0.2
A.4 (0.4 pt.) Relation between photon’s energy and wavelength 0.2
Correct answer 0.2

Part B. Optical properties of molecules (2.1 points)

B.1(0.8 pt.) Identify that absorption corresponds to the transition 0.5
between Es and Eg
If any other two levels are used, give 0 pt. for this part,
but mathematically correct answer for the chosen
energy levels can still be scored with the remaining

0.2 + 0.1 pt.

Correct expression 0.2

Correct numerical value 0.1

B.2 (0.4 pt.) Correct expression for Acy3 0.2
Correct check 0.1

Correct numerical value of AA 0.1

B.3(0.7 pt.) Correct units 0.2
Correct answer 0.5

B.3(0.2 pt.) Correct answer 0.2
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Part C. Bose-Einstein condensation (1.5 points)

C.1(0.4 pt.) Idea to base estimates on p?/(2m) = 3kgT /2 0.2
Correct answer for the momentum 0.1
Correct calculation of the de Broglie wavelength 0.1
C.2 (0.5 pt.) Volume per particle V/N as an estimate for ¢ 0.2
Correct answer for the distance ¢ 0.1
Correct answer for the critical temperature T, 0.2
C.3(0.6 pt.) Correct expression for n, 0.2
Correct numerical value for the density n, 0.1
Correct expression for ny 0.2
Correct numerical value for the ratio ny/n, 0.1
Part D. Three-beam optical lattices (5.0 points)
D.1(1.4 pt.) Individual laser fields summed 0.2
Correct squaring and averaging 0.6
Correct answer for V(7) 0.3
Vectors b identified as differences of k (in any order) 0.3
D.2 (0.5 pt.) Convincing argument 0.5
D.3 (1.2 pt.) Correct calculation of Vx(x) 0.3
Correct calculation of Vy(y) 0.3
Six inequivalent extrema identified (0.1 pt per each) 0.6
D.4 (0.8 pt.) Correct calculation of the lattice constant 0.4
Existance of 6 equivalent minima identified 0.2
Correct identification of the positions 0.2
D.5 (1.1 pt.) Correct description of force on the outer electron 0.4
Screening by core electrons overlooked -0.1
Correct expression for the angular momentum 0.2
Correct calculation of the principal quantum number n 0.4

Correct numerical value for n

0.1
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