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Το διαστημικό τηλεσκόπιο James Webb (12 Μονάδες)
Το θέμα αυτό αφορά στη Φυσική που σχετίζεται με τη λειτουργία του διαστημικού τηλεσκοπίου James
Webb. Αρχικά, ακτινοβολία από έναν αστέρα, προσπίπτει στο πρωτεύον κάτοπτρο (PrimaryMirror), του
οποίου η επιφάνεια έχει εμβαδό 𝐴mirror = 25m2. Στη συνέχεια, η ακτινοβολία κατευθύνεται προς ένα
δευτερεύον κάτοπτρο (SecondaryMirror) από τοοποίο ανακλάται. Η εστιακήαπόσταση τουσυστήματος
είναι 𝑓 = 130m. Η ακτινοβολία εστιάζεται στο ISIM (Integrated Science Instrument Module), το οποίο
περιέχει τις τύπου CCD (charged-coupled device) κάμερες .

Πηγή εικόνας: NASA

Μέρος Α. Απεικόνιση ενός αστέρα (1,8 Μονάδες)
Ο πλησιέστερος Ερυθρός Γίγαντας απέχει από τη Γη 89 έτη φωτός, έχει θερμοκρασία 𝑇star = 3600K, και
διάμετρο 𝑑𝑜 = 1.7 × 1011 m.

A.1 Να υπολογίσετε τη διάμετρο μιας εστιασμένης εικόνας του αστέρα στην επι-
φάνεια αποτύπωσης της κάμερας CCD.

0.4pt

A.2 Να υπολογίσετε τη διάμετρο ενός κεντρικού μεγίστου περίθλασης στην επιφά-
νεια αποτύπωσης της κάμερας CCD. Να θεωρήσετε μήκος κύματος 𝜆 = 800nm,
που είναι το μήκος κύματος με την ισχυρότερη ένταση ακτινοβολίας από τον
Ερυθρό Γίγαντα.

0.4pt

A.3 Να θεωρήσετε ότι η CCD δεν ψύχεται και μπορεί να χάσει θερμότητα μόνο
μέσω της ακτινοβολίας από την επάνω επιφάνεια της επιφάνειας αποτύπωσης.
Να υπολογίσετε τη θερμοκρασία ισορροπίας της CCDστη θέση της εικόνας του
Ερυθρού Γίγαντα.Ναυποθέσετε ότι η επιφάνεια της CCD είναι έναμέλανσώμα.
Η απάντησή σας να δοθεί με μία σχέση και μια αριθμητική εκτίμηση.

1.0pt

Μέρος Β. Καταμέτρηση φωτονίων (1,8 Μονάδες)
Η απορρόφηση ενός φωτονίου από την κάμερα CCD προκαλεί εκπομπή ενός ηλεκτρονίου εντός της
συσκευής. Αυτό συμβαίνει μόνο όταν το φωτόνιο έχει επαρκή ενέργεια για να διεγείρει ένα ηλεκτρόνιο
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πάνωαπό το ενεργειακό χάσμαΔ𝐸𝑔. Να υποθέσετε ότι κάθεφωτόνιο με επαρκή ενέργεια τα καταφέρνει.
Διαμέσου του χάσματος, υπάρχει διαρροή ηλεκτρονίων η οποία προκαλείται λόγω της θερμοκρασίας
της κάμερας CCD. Το ρεύμα αυτό ονομάζεται ρεύμα σκότους 𝑖𝑑 και μετριέται σε πλήθος ηλεκτρονίων
ανά δευτερόλεπτο. Το ρεύμα σκότους είναι συνάρτηση της θερμοκρασίας σύμφωνα με τη σχέση:

𝑖𝑑 = 𝐼0𝑖0𝑒−|Δ𝐸𝑔|/6𝑘𝐵𝑇 . (1)

όπου 𝑖0 είναι μια σταθερά.

Το γράφημα δείχνει την μεταβολή του ρεύματος σκότους με την θερμοκρασία. Οι μονάδες
του σκοτεινού ρεύματος, e−/s θα πρέπει να ερμηνευθούν ως καταμέτρηση του πλήθους των
ηλεκτρονίων ανά δευτερόλεπτο.

B.1 Από την πιο πάνω γραφική παράσταση που αφορά στο ρεύμα σκότους, να υπο-
λογίσετε την τάξη μεγέθους της χαμηλότερης θερμοκρασίας μιας απομακρυ-
σμένης πηγής θερμικών φωτονίων που θα ήταν ικανή να διεγείρει οριακά ένα
ηλεκτρόνιο στο εικονοστοιχείο (pixel).
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Τα ηλεκτρόνια συλλέγονται σε έναν πυκνωτή και μετά από ένα χρόνο έκθεσης 𝜏 , καταμετρώνται. Στη
διαδικασία παρουσιάζονται τρεις κύριες πηγές αβεβαιότητας: (α) μια σταθερή αβεβαιότητα στη δια-
δικασία καταμέτρησης που ονομάζεται θόρυβος ανάγνωσης, (β) ένα σφάλμα κατανομής Poisson που
σχετίζεται με το ρεύμα σκότους και (γ) ένα σφάλμα κατανομής Poisson που σχετίζεται με τα ανιχνευό-
μενα εισερχόμενα φωτόνια. Τα σφάλματα Poisson είναι ίσα με την τετραγωνική ρίζα του αριθμού των
μετρήσεων που σχετίζονται με μια διαδικασία. Ο μετρούμενος αριθμός φωτονίων είναι ίσος με τον
αριθμό των ηλεκτρονίων στον πυκνωτή, μείον τον αριθμό των ηλεκτρονίων που σχετίζονται με το σκο-
τεινό ρεύμα.

B.2 Να γράψετε μια έκφραση για τη συνολική αβεβαιότητα καταμέτρησης 𝜎𝑡, αν
υπάρχει θόρυβος ανάγνωσης 𝜎𝑟, ρεύμα σκότους 𝑖𝑑, ρυθμός εισερχόμενων φω-
τονίων 𝑝 και χρόνος έκθεσης 𝜏 .
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Για τις υπόλοιπες ερωτήσεις αυτού του μέρους να υποθέσετε ότι ο χρόνος έκθεσης είναι 𝜏 = 104 s και
ότι ο θόρυβος ανάγνωσης έχει σταθερή τιμή 𝜎𝑟 = 14.
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B.3 Να υποθέσετε ότι η θερμοκρασία λειτουργίας είναι 𝑇p = 7.5K. Να υπολογί-
στε τον ελάχιστο ρυθμό φωτονίων 𝑝, ώστε η καταμέτρηση φωτονίων να είναι
δεκαπλάσια της αβεβαιότητας καταμέτρησης.

0.5pt

B.4 Να υποθέσετε ότι όλα τα φωτόνια είναι ικανά ώστε μόλις να διεγείρουν ένα
ηλεκτρόνιο πάνω από το ενεργειακό χάσμα ζώνης. Να υπολογίσετε την ένταση
της πηγήςφωτονίων, πουβρέθηκε στοΒ.3, στοπρωτεύον κάτοπτρο. Να εκφρά-
στε την απάντησή σας σε W/m2

0.5pt

Μέρος Γ. Παθητική ψύξη (4,4 Μονάδες)
Μια υπέρυθρη κάμερα CCD πρέπει να διατηρείται σε χαμηλή θερμοκρασία. Το πρώτο εργαλείο που
χρησιμοποιείται για τον σκοπό αυτό είναι μια ασπίδα προστασίας από την ηλιακή ακτινοβολία (ηλιακή
ασπίδα).

Η ηλιακή ασπίδα, όπως φαίνεται στο ακόλουθο σχήμα, αποτελείται από πέντε ξεχωριστά ανακλαστικά
στρώματα (1, 2, 3, 4, 5) τα οποία αποτελούνται από λεπτά φύλλα (μπλε). Η ακτινοβολούμενη ενέργεια
(κόκκινη) από τον ήλιο προσπίπτει στο πρώτο φύλλο (1) στα αριστερά. Μεταξύ του κάθε ζεύγους φύλ-
λων μέρος της ενέργειας διαφεύγει στο διάστημα (κατακόρυφα βέλη).

Σχηματική αναπαράσταση της ροής ενέργειας: οι κάθετες γραμμές (σκούρου χρώματος) είναι
ταφύλλα, η ροή της ενέργειας (γκρι χρώμα) είναι απόαριστεράπρος τα δεξιά, ωστόσο, μεταξύ
των φύλλων, μέρος της ενέργειας ρέει προς τα πάνω και έξω στο διάστημα.
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Στα αριστερά εικονίζεται ένα απλόμοντέλο δύο γειτονικώνφύλλων, 1 και 2 πουαπέχουν κατά
ℎ. Τα φύλλα δεν συνδέονται και η περίμετρος είναι ανοικτή στο διάστημα. Να υποθέσετε ότι
τα φύλλα βρίσκονται σε παράλληλα επίπεδα. Τα φύλλα μπορούν να ανταλλάσσουν θερμική
ακτινοβολία, η οποία μπορεί επσης να διαφεύγει από το διάκενο στην περίμετρο. Στο δεξί
στιγμιότυπο το διάκενο εμφανίζεται σκιασμένο για λόγους οπτικοποίησης.

Να κάνετε τις ακόλουθες υποθέσεις:

• Τα φύλλα είναι τετράγωνου σχήματος, καθένα με εμβαδόν𝐴sheet = 200m2.

• Τα φύλλα είναι παράλληλα και απέχουν ℎ = 25 cm κατά μήκος της περιμέτρου.

• Τα φύλλα έχουν σταθερό συντελεστή εκπομπής 𝜖 ≪ 1. Να θεωρήσετε ότι όλες οι ανακλάσεις από
την επιφάνεια ενός φύλλου διαχέονται.

• Τα φύλλα είναι λεπτά και οι θερμοκρασίες τους στην εμπρόσθια και στην πίσω επιφάνεια είναι
ίσες και έχουν την ίδια τιμή σε όλη την επιφάνεια.

• Το κλάσμα της ροής ακτινοβολίας που εκπέμπεται από ένα φύλλο και απορροφάται από το γειτο-
νικό φύλλο είναι 𝛼 ≤ 1. Αυτό σημαίνει ότι αν το φύλλο 1 στη ανωτέρω εικόνα εκπέμπει ένα ποσό
θερμότητας 𝑄1προς το φύλλο 2, τότε το φύλλο 2 θα απορροφήσει κλάσμα αυτού του ποσού ίσο
προς 𝛼𝑄1από το φύλλο 1.

• Το ποσό της ροής ακτινοβολίας που διαφεύγει από το διάκενο μεταξύ δύο φύλλων ισούται κατά
προσέγγιση με 𝛽𝑄12 όπου𝛼𝑄12 είναι η καθαρή ροή μεταξύ των δύοφύλλων. Για το κλάσμα β ισχύει
𝛽 < 1. Ισοδύναμα θα μπορούσαμε να πούμε ότι το ποσό θερμότητας μεταξύ των δύο φύλλων που
χάνεται στο διάστημα είναι ανάλογο του καθαρού ποσού θερμότητας που ανταλλάσσεται μεταξύ
των φύλλων. Αυτή αποτελεί μια χονδρική προσέγγιση.

• Η θερμοκρασία υποβάθρου του διαστήματος είναι αμελητέα.
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C.1 Να εξαγάγετε εκφράσεις για τις θερμοκρασίες ισορροπίας του πρώτου φύλ-
λου και του πέμπτου φύλλου ως προς την ένταση της προσπίπτουσας ηλιακής
ακτινοβολίας 𝐼0, τις σταθερές 𝛼 και 𝛽, καθώς και τυχόν αναγκαίες φυσικές στα-
θερές. Για να απλοποιήσετε τα αποτελέσματά σας, μπορείτε να ορίσετε πρό-
σθετες σταθερές ως προς τα 𝛼 και 𝛽 κ.λπ.

2.4pt

C.2 Να εξαγάγετε αριθμητικές εκτιμήσεις για τα 𝛼 και 𝛽 από τις πληροφορίες σχε-
τικά με τη γεωμετρία του φύλλου, υποθέτοντας ότι ο συντελεστής εκπομπής
είναι 𝜖 = 0.05. Θα πρέπει να θεωρήσετε το μοντέλο του παραλληλεπίπεδου
κουτιού για τα ανωτέρω φύλλα, όπου η περιφερειακή επιφάνεια πρακτικά λει-
τουργεί ως τέλειος απορροφητήρας της ακτινοβολούμενης ενέργειας.

1.6pt

C.3 Να προσδιορίσετε τις αριθμητικές τιμές των θερμοκρασιών των φύλλων 1 και
5. Η ένταση της ηλιακής ακτινοβολίας είναι 𝐼0 = 1360W/m2.

0.4pt

Μέρος Δ. Κρυοψύκτης (4 Μονάδες)
Το τελευταίο στάδιο τουσυστήματοςψύξης, ψύχει απευθείας την κάμεραCCD. Ένα σύστημαψύξης κλει-
στού κύκλου διαθέτει μια γραμμή σωλήνων παροχής που τροφοδοτεί αέριο ήλιο υπό σταθερή πίεση
𝑃1. Το αέριο μεταφέρεται μέσω ενός πορώδους πώματος (porous plug), που λειτουργεί σαν σπόγγος,
προς έναν σωλήνα με σταθερή πίεση 𝑃2. Ο σωλήνας μεταφέρει το αέριο για να ψύξει την CCD. Στην
συνέχεια, το αέριο ήλιο περνά από μια αντλία πριν επιστρέψει στη γραμμή παροχής.

Αέριο ήλιο που παροχετεύεται από αριστερά όπου επικρατεί καλά καθορισμένη πίεση 𝑃1 και θερμο-
κρασία 𝑇1 εξαναγκάζεται να διέλθει μέσω του πορώδους πώματος (σπόγγος) προς περιοχής καλά καθο-
ρισμένης πίεσης 𝑃2 και θερμοκρασίας 𝑇2, από όπου απομακρύνεται κινούμενο προς τα δεξιά.

Καθώς το αέριο κινείται μέσα από τον σπόγγο, η τριβή (ιξώδες) με τα στενά τοιχώματα των καναλιών
του σπόγγου συνιστά μια σημαντική επίδραση. Ωστόσο, κατά τη διάρκεια της διαδικασίας δεν μεταφέ-
ρεται θερμότητα προς ή από το αέριο. Η ταχύτητα ροής του αερίου στην περιοχή 2 είναι μόνο οριακά
μεγαλύτερη από την ταχύτητα ροής στην περιοχή 1.

Το ήλιο δεν είναι ιδανικό αέριο, αλλά παραμένει σε αέρια κατάσταση καθόλη την διάρκεια της διαδικα-
σίας.
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D.1 Να θεωρήσετε ότι ένα mole αερίου περνάει από αριστερά προς τα δεξιά μέσα
από το πώμα.
Να συμπληρώστε τον πίνακα στο Φύλλο Απαντήσεων χρησιμοποιώντας τα
σύμβολα:
”>” ή ”<” για να προσδιορίσετε την ποσότητα που πρέπει να είναι μεγαλύτερη,
”=” για να προσδιορίσετε τις ποσότητες που πρέπει να είναι ίσες ή
”?” αν αδυνατούμε να αποφανθούμε χωρίς περισσότερες πληροφορίες.

1.0pt

D.2 Να προσδιορίσετε μια φυσική ποσότητα που διατηρείται καθώς ένα mole αε-
ρίου κινείται μέσα από το πώμα. Η ποσότητα αυτή να δοθεί συναρτήσει των
ακόλουθων φυσικών μεγεθών:
(α) 𝑈 (εσωτερική ενέργεια),
(β) 𝑃 (πίεση) και
(γ) 𝑉 (όγκος)
Να συμπεριλάβετε τον τρόπο που ακολουθήσατε για να καταλήξετε στη συγκε-
κριμένη ποσότητα.

0.6pt

Στο Φύλλο Απαντήσεων υπάρχουν γραφικές παραστάσεις της εσωτερικής ενέργειας ανά μονάδα μάζας
σε σχέση με τον όγκο ανά μονάδα μάζας για το ήλιο, με καμπύλες ισόθερμης μεταβολής και γραμμές
σταθερής εντροπίας.

D.3 Υποθέτοντας ότι 𝑉2 = 0.100m3/kg και 𝑇2 = 7.5K να χρησιμοποιήστε τη γραφική
παράσταση για να βρείτε μια αριθμητική τιμή για την ποσότητα που διατηρεί-
ται (του ερωτήματος D.2). Να αποτυπώσετε την διαδικασία που ακολουθήσατε
πάνω στην γραφική παράσταση που υπάρχει στο Φύλλο Απαντήσεων!

1.4pt

D.4 Να υπολογίσετε τη μέγιστη δυνατή τιμή της θερμοκρασίας 𝑇1. Να δείξετε τον
τρόπο εργασίας σας στην γραφική παράσταση του Φύλλου Εργασίας.

0.8pt

D.5 Να χρησιμοποιήσετε την τιμή της μέγιστης 𝑇1 που βρήκατε στο ερώτημα D.4
για να υπολογίσετε την τιμή της 𝑃1.

0.2pt
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Το διαστημικό τηλεσκόπιο James Webb (12 Μονάδες)

Μέρος Α. Απεικόνιση ενός αστέρα (1,8 Μονάδες)

A.1 (0.4 pt)
 
Αριθμητική τιμή για 𝑑image =
 

A.2 (0.4 pt)
 
Αριθμητική τιμή για 𝑑diff =
 

A.3 (1.0 pt)
 
Σχέση για 𝑇image
 
Αριθμητική τιμή 𝑇image =
 

Μέρος Β. Καταμέτρηση φωτονίων (1,8 Μονάδες)

B.1 (0.4 pt)
 
Αριθμητική τιμή για 𝑇source =
 

B.2 (0.4 pt)
 
Σχέση για 𝜎𝑡
 

B.3 (0.5 pt)
 
Αριθμητική τιμή για 𝑝 =
 

B.4 (0.5 pt)
 
Αριθμητική τιμή για την ένταση
 

Μέρος Γ. Παθητική ψύξη (4,4 Μονάδες)
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C.1 (2.4 pt)
 
Σχέση για το 𝑇1
 
Σχέση για το 𝑇5
 

C.2 (1.6 pt)
 
Αριθμητική εκτίμηση 𝛼 =
 
Αριθμητική εκτίμηση 𝛽 =
 

C.3 (0.4 pt)
 
Αριθμητική τιμή 𝑇1 =
 
Αριθμητική τιμή 𝑇5 =
 

Μέρος Δ. Κρυοψύκτης (4 Μονάδες)

D.1 (1.0 pt)

Ποσότητα - Όνομα Ποσότητα 1 Συγκρίνετε χρησιμοποιώντας ”>”, ”<”, ”=” ή ”?” Ποσότητα 2

Εσωτερική ενέργεια 𝑈1 𝑈2

Θερμοκρασία 𝑇1 𝑇2

Εντροπία 𝑆1 𝑆2

Πίεση 𝑃1 𝑃2

Όγκος 𝑉1 𝑉2

D.2 (0.6 pt)
Σχέση για την ποσότητα που διατηρείται
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D.3 (1.4 pt)
Οι συμπαγείς καμπύλες (με καθοδική τάση καθώς αυξάνεται ο όγκος) αναπαριστούν σταθερή τιμή
εντροπίας 𝑆- οι τιμές για τις έντονες καμπύλες βρίσκονται στην κορυφή.
Οι διακεκομμένες καμπύλες (με ανοδική τάση καθώς αυξάνεται ο όγκος) αντιστοιχούν σε σταθερή
θερμοκρασία 𝑇 - οι τιμές για τις έντονες καμπύλες είναι στα δεξιά.
Η εσωτερική ενέργεια (ανά kg) 𝑈 είναι στον κατακόρυφο άξονα- ο όγκος (ανά kg) 𝑉 είναι στον ορι-
ζόντιο άξονα
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D.4 (0.8 pt)

D.5 (0.2 pt)
 
Αριθμητική τιμή για 𝑃1 =
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ing a multiplicative factor or having a single transcrip-
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duction of -0.1 pts.
An equation which is dimensionally incorrect or one

which has more than two transcription errors will re-
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If an error in an equation trivializes the remainder of
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be awarded. For example, if a student is computing
counts, and they arrive at the incorrect answer of zero,
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If an error in an equation makes the remainder of a
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Eq. 6 would get points for both equations, subject to er-
ror rules above.
In places on the mark scheme there are a range of ac-

ceptable answers, and in places the range is divided into
two possible ranges, a close range for full points, and a
larger range for partial points. This might appear like
this:

35µm ≤ dd ≤ 47µm 0.2 pts
20µm ≤ dd ≤ 90µm 0.1/0.2 pts

which means that they get 0.2 pts if they are within the
narrow range, but only 0.1 pts if they are outside the nar-
row range but still within the larger range. They would
never get 0.3 pts in this scheme, so don’t double count!

Part A: Imaging a Star (1.8 pt)

1. Diameter of image

The ratio of diameter do for an object at a distance
Do ≫ f and an image diameter di is given by

di
do

=
f

Do
, (3)

so the diameter of the image is

di =
(1.7× 1011 m)(130m)

(89 ly)(3× 108 m/s)(365 d/y)(86, 400 s/d) =

= 2.6× 10−5 m = 26µm.

Marking scheme:

correct formula Eq 3 0.2 pts
di = (26± 1)µm 0.2 pts
sum 0.4pts

Units must be shown for a numerical result to get
points; writing the correct answer without showing
work also receives full marks for this problem.

2. Diameter of central maximum
The angular radius of the central maximum is

θmin = 1.22
λ

D
(4)

λ = 800nm is given in the problem
D is the aperture size, which is the primary mirror,
or π

4D
2 = 25 m2, so

D = 5.6m

The diameter of the central maximum is then

dd = 2θminf = 2.44
λ

D
f = 1.22

λf√
A/π

(5)

The numerical value is

dd = 2(1.22)
(8× 10−7 m)

(5.6 m)
(130 m) =

= 4.5× 10−5 m = 45µm.

dd = 37µm is also acceptable (omitting the factor of
1.22 is okay).
Marking scheme:

correct formula Eq 5 0.1 pts
Aperture D = (5.6± 0.2)m 0.1 pts
35µm ≤ dd ≤ 47µm 0.2 pts
sum 0.4pts

No penalty for ignoring factor of 1.22, so check their
math. Units must be shown for a numerical result to
get points; writing the correct answerwithout show-
ing work also receives full marks for this problem.

3. Equilibrium temperature of the detector at the loca-
tion of the image?
The radiant power from the star is

Pg = 4πro
2σTg

4 (6)
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The intensity at the location of the scope is

Ig =
Pg

4πDo
2
=

(
ro
Do

)2

σTg
4 (7)

This is collected onto the mirror with area A and fo-
cused on a single spot of radius ri, so that the power
incident is

Pi = A

(
ro
Do

)2

σTg
4 = A

(
ri
f

)2

σTg
4 (8)

But at the image we have an equilibrium tempera-
ture of

Pi = aσTp
4,

where a = πr2i , so

aσTp
4 =

(
ri
f

)2

AσTg
4

or, ignoring diffraction,

Tp =

(
A

πf2

) 1
4

Tg ≈ 530K (9)

When considering diffraction the actual area of the
stars’ image is larger,

a′ =

(
di + dd

di

)2

a ≈ 7.46a (10)

where the actual ratio depends on answers above.
This means the actual pixel temperature will be

Tp,correct =

(
A

(7.46)πf2

) 1
4

Tg ≈ 320K. (11)

Marking scheme:

power of source, Eq 6 0.2 pts
intensity at mirror, Eq 7 0.2 pts
power of image, Eq 8 0.2 pts
correct for diffraction Eq. 10 0.1 pts
Either Eq. 9 or Eq. 11 0.1 pts
numerical result 0.2 pts
sum 1.0 pt

Units must be shown for a numerical result to get
points; the answer T ≈ (320 ± 10)K for including
diffraction or T ≈ (530 ± 10)K for ignoring diffrac-
tion must be consistent with their approach. Check
the number, since the ratio in Eq 10 depends on their
answer to A.2
Students must present a symbolic equation in their
solution.
Writing Eq. 11 without showing any other work re-
ceives 0.8 pts; Writing Eq. 9 without showing any
other work receives 0.7 pts.

Part B: Counting Photons (1.8 pt)

1. Temperature of source
We are interested in the slope of the graph, which is

slope =
(3)− (−1)

(0.111/K)− (0.151/K) = −100K

Since this is a characteristic temperature, it is at least
a partial answer to the problem.
The value of

|∆Eg

6kB
| = ln 10× 100K = 230K

So the value of
∆Eg

kB
= 6× 230K = 1380K

Marking scheme:

slope of graph = −100K 0.2 pts
Tgraph = 230K 0.1 pts
Tsource = 1380K 0.1 pts
sum 0.4 pt

Writing either temperature correctly implies they
found the slope of graph, and would get the +0.2 pts.
Just writing Tsource = 1380K gets full marks, as it re-
ally is possible to solve this in one’s head.
Order ofmagnitude T = 103Kwill get fullmarks, and
no work needs to be shown.
As this is order of magnitude, the following final an-
swers will get full marks: T = 600K, T = 1000K,
T = (1380 ± 10)K, T = 1500K. Other numbers in
the range 500 ≤ T ≤ 1500 that are more precise
than these answers ought have a problem score of
no more that 0.2 pts, and must show working that
supports their answers!

2. Write an expression for the total count uncertainty
σt

The three uncertainties are

σr

and
σd =

√
idτ

and
σp =

√
pτ

and then
σt

2 = σr
2 + (id + p) τ

Marking scheme:

correct error for dark current 0.1 pts
correct read photon 0.1 pts
added in quadrature 0.2 pts
sum 0.4 pt
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Writing
σt = σr +

√
idτ +

√
pτ

only gets +0.1, instead of the quadrature +0.2
Forgetting the read error term is a -0.1 pt deduction.
Correct dark current and photon count errors in fi-
nal answer are acceptable evidence for those points;
it is not necessary for the student to explicitly state
what is what.

3. Determine the photon count for a signal to noise ra-
tio of S/N = 10.
At a temperature of T = 7.5K, the dark current is id =
5 electrons/second. This gives a total dark current
count of

idτ = 5× 104

Answers in the range id = 5 ± 1 will be accepted for
full marks.
Let P be the photon count. Then

P = 10σt

so
P 2 = 100

(
σ2
r + idτ + P

)
(12)

with solution P ≈ 2290, and a rate of p = 0.229 pho-
tons per second.
Marking scheme:

id = (5± 1) e/s 0.2 pts
1 ≤ id ≤ 10 0.1/0.2 pts
Eq 12 0.1 pts
0.206 ≤ p ≤ 0.25 0.2 pts
0.10 ≤ p ≤ 0.33 0.1/0.2 pts
sum 0.5 pt

They only get the points for p, the count rate, if it
agrees with their assumption for id, so check the
math!
Writing only the absolute counts P instead of the
rate p would get 0.1 pts for 2060 < P < 2500 and no
points if outside this range.
Ignoring σr does not incur a penalty, as it is relatively
small.

4. What is intensity of source?
The near-infrared photons have an energy of Eg =
2.3× 6kBT , so

Eλ = (1380K)(1.38× 10−23 J/K) = 1.9× 10−20 J

This is not an order of magnitude question like B.1
The energy received every second is

E = (0.23)(1.9× 10−20 J) = 4.4× 10−20 J

and the incident intensity on the primary mirror is
then

I =
E/t

A
=

(4.4× 10−20 J/s)
(25m2)

= 1.8× 10−22W/m2

Marking scheme:

Eλ = (2± 0.1)× 10−20J 0.3 pts
Forgetting ln 10 factor -0.1 pts
I = (1.8± 0.2)× 10−22W 0.2 pts
sum 0.5 pt

If they forget factor ln 10, then the correct intensity
would be (7.8±0.2)×10−23W. They only get the ln 10
penalty once!
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Part C: The Passive Cooling

1. Find expressions for the temperatures of first and
fifth sheet
This is a cleaned up version of an “ideal” solu-
tion
Let Qi represent heat flow off of a surface, and Qij

represent the heat flow difference off of two sur-
faces that are facing each other.
The student needs to consider the three types of dif-
ferences below:
Between sun and first sheet:

Q01 = ϵAσ

(
I0
σ

− T 4
1

)
(13)

which is the net heat flow into sheet 1 from the sun-
side.
Between any two adjacent sheets:

Qij = ϵAσ
(
T 4
i − T 4

j

)
, (14)

which is not the net heat flow between the sheets, it
is merely a convenient expression to use later.
Between last sheet and the cold, cruel vacuum of
space:

Q56 = ϵAσ
(
T 4
5

)
, (15)

which is the net heat flow out of the far side of the
last sheet.
From the problem text, the flux emitted by one sheet
and absorbed by an adjacent sheet is

qi = αQi

so that the net heat flow flux out of one sheet ab-
sorbed by the adjacent sheet is

qij = αQij

and the flux ejected into space between two sheets
is

q′ij = βQij

This doesn’t affect the marking, but the approximation being
madehere is thatβ is the same for all four pairs of adjacent sheets.
This makes the math solvable, and was the explicit assumption
that the students were told to make.

A student will need to recognize that

Q01 = ϵAσ

(
I0
σ

− T 4
1

)
(16)

Q12 = ϵAσ
(
T 4
1 − T 4

2

)
(17)

Q23 = ϵAσ
(
T 4
2 − T 4

3

)
(18)

Q34 = ϵAσ
(
T 4
3 − T 4

4

)
(19)

Q45 = ϵAσ
(
T 4
4 − T 4

5

)
(20)

Q56 = ϵAσ
(
T 4
5

)
(21)

can be summed to give

Q01 +Q12 +Q23 +Q34 +Q45 +Q56 = ϵAI0 (22)

A student will need to consider energy balance
across any one sheet:

qi−1,i = qi,i+1 + q′i,i+1 (23)

basically stating that the net flow into sheet i from
sheet i − 1 must equal the net flow out of sheet i to
either sheet i+ 1 or into space.
Substitute in Qij ,

αQi−1,i = αQi,i+1 + βQi,i+1

or
Qi−1,i =

(
α+ β

α

)
Qi,i+1 (24)

The relation for sheet 1 is a little different:

q0,1 = Q0,1 = αQ1,2 + βQ1,2 (25)

and so is the relation for sheet 5:

q4,5 = Q5,6 (26)

What will eventually matter most is

Q5,6 =
α4

(α+ β)4
Q0,1 (27)

Now use the recursion of Eq. 24 to sumup the sixQij

terms in Eq. 22:

kQ0,1 = ϵAI0, (28)

with the constant k defined as

k=1+
1

α+ β
+

α

(α+ β)2
+

α2

(α+ β)3
+

α3

(α+ β)4
+

α4

(α+ β)4

(29)
Substitute the expression for Q0,1 back into Eq. 13
and get

T1 = 4

√
I0
σ

(
1− 1

k

)
=

4

√
I0
kσ

(k − 1) (30)

and the into Eq. 27 and Eq. 15 to get

T5 =
α

α+ β
4

√
I0
kσ

(31)

which can also be written elegantly as

T5 =
α

α+ β
4

√
1

k − 1
T1.

Marking scheme:

Net flow into sheet 1 Eq 13 0.2 pts
“Net” flow sheet i → j Eq 14 0.2 pts
Net flow out of sheet 5 Eq 15 0.2 pts
Sum to eliminate sheet temps Eq 22 0.2 pts
Generic Energy flow Eq 23 0.2 pts
Recursion for Qij Eq 24 0.2 pts
Sheet 1 Energy flow Eq 25 0.2 pts
Sheet 5 Energy flow Eq 26 0.2 pts
Simplify sum Eq 28 0.2 pts
Find k Eq 29 0.2 pts
Final Expression for T1, Eq 30 0.2 pts
Final Expression for T5, Eq 31 0.2 pts
sum 2.4 pt



IPhO 2022 Theoretical problems: solutions. Language: English

• In most cases a single mistake in an equation that
is still dimensional correct will get 0.1 pts for the
equation. Making the samemistakemultiple times
is not a follow on error, and would be penalized
every time.

• Any equivalent to Eq 14 would get the 0.2 pts.
• Any attempt to balance energy flow on a generic
sheet like Eq 23 that is dimensionally correct and
reasonable given their presentation would get the
0.2 pts

• Since sheet 1 and sheet 5 have a different en-
ergy balance approach, they must show those sep-
arately to get those points.

• It is possible to arrive at Eq 28 based on dimen-
sional analysis alone. A student who writes some
form of Eq 28 without clear justification would get
points for Eq 22 and Eq 28. They could get full
marks for final sheet temperatures if it is consis-
tent; if they did, then they would probably also get
at least partial points for Eq 13 and/or Eq 15. They
would need to introduce one more unknown con-
stant to have defined Q56 = k′Q01. The maximum
points I would expect with this approach is 1.2 pts.

• k in Eq 29 is allowed a single error for 0.1 pts. Two
errors is no points.

• Failing to include the back flux of Eq 14 is only a
penalty on that equation but would be zero points,
as it is a serious error. That means writing the
equivalent of Qij = ϵAT 4

i is zero points! The work
after this would have a follow on error that would
need to be traced.

Corrections to some of the above formula
Andres Poldaru, leader from Estonia, pointed out
an inconsistency in part of the Eq. 23 above deriva-
tion. The above equation does reflect the simplified
schematic diagram of energy flow and loss on the
question paper, but does not properly reflect the en-
ergy balance on an individual sheet. It should read,
for sheets 2, 3, and 4, as

qi−1,i = qi,i+1 + 2BQi

where B is the physical fraction of energy lost to
space from one side of a sheet, and Qi = ϵAσT 4

i . A
similar correction would exist for sheet 1 and 5, ex-
cept that the factor of 2 in front of B would be 1, as

Q01 = q12 +BQ1 and q45 = Q56 +BQ5

The factor of 2 isn’t the problem, it is instead that it is
now difficult to align the expression for energy loss
to space between sheetswith the energy lost to space
of a specific sheet. As such, this approach creates a
much messier solution.
There is no convenient way to solve these corrected
five equations without iterating, which is the moti-
vation for some of our substitutions and approxima-
tions above, or by creating a five by five matrix and
diagonalizing. At least some students attempted to
do it this way.
It does not change Eq. 28, it does change the expres-
sion for the convenient constant in Eq. 29. It also
changes the fifth sheet heat flow, Eq. 27. Because the

variations ofwhat students can cook upwhile trying
to reconcile difficult physics can be numerous, all of
the possible results are not presented here, as they
depend on what assumptions the students opted to
make.
It does not affect the approach to C.2 or the scoring
of numerical bounds on C.3
Additional Marking Guidance:
• A generic energy flow expression like Eq. 23
that is consistent with what the student has pre-
sented will get 0.2 pts. The energy flow expres-
sion can have one reasonable simplifying assump-
tion/approximation, so long as it does not make it
trivial, for no penalty.

• A recursion relation like Eq. 24 that is consistent
with what the student has presented will get 0.2
pts. The recursion relation can have one reason-
able simplifying assumption/approximation, so
long as it does not make it trivial, for no penalty.
This likely means that the student introduced a
few constants to keep it clean. That’s okay. Er-
rors in the recursion relation that are unsup-
ported by statements of approximation or reason-
able physics, or are just plain bad math, would
have a penalty of -0.1 pts.

• Equations 13 and 15 must be consistent with the
student’s statement of Eq. 23, or they would get a
penalty of -0.1 pts. In short, pick specific approach.

• Eq. 29 must be consistent with the student’s ap-
proach; similarly, the final expressions for T1 and
T5

• Attempting to write this problem as a matrix but
not being able to solve it is equivalent to writing a
recursion relation for 0.2 pts and simplifying the
sum for 0.2 pts; in theory they have already gotten
much ormost of the points above that. Not solving
the matrix, however, will have a maximum score
of 2.2 pts, assuming everything else is there.

• As a reminder, don’t mix and match grading
schemes; follow an approach that is self consis-
tent, and if more than one scoring approach is
valid, select the one that gives the higher score.

Original Solution
Don’t use this, eh?
Start with a statement of net energy flow q01 into the first sheet
from the sun:

q01 = ϵA
(
I0 − σT 4

1

)
(32)

whereA is the area of the sheet, ϵ is the emissivity, σ is the Stefan-
Boltzman constant, and T1 is the temperature of the first sheet.
Now consider the space between two sheets i and j. Each sheet
radiates an energy flow

ϵAσT 4

toward the other sheet, but a fraction β is ejected into space out
the gap.
We have defined α as the fraction emitted from one sheet that is
absorbed by the other sheet, so the net energy flow from sheet i
into sheet j is

qij = αϵAσ
(
Ti

4 − Tj
4
)

(33)

There is also a lost fraction emitted into space from between the
sheets, given by

q′ij = βϵAσ
(
Ti

4 − Tj
4
)
=

β

α
qij (34)
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Don’t make themistake of assuming that α+β = 1, as some of the
energy emitted from a sheet could be reabsorbed by that sheet.
Finally, write an expression for the net thermal radiant energy
flow into space, with an ambient temperature of Tspace = 0, from
the far side of the fifth sheet.

q5s = ϵA
(
σT 4

5 − σT 4
s

)
= AϵσT 4

5 (35)

Write each of the Eq. 33, above in the form
1

α
qij = Aϵσ(T 4

i − T 4
j ), (36)

and then sumup the terms fromEq. 32, the four fromEqs. 36, and
Eq. 35:

q01 +
1

α
(q12 + q23 + q34 + q45) + q5s = ϵAI0 (37)

as all of the Ti terms cancel out on the right!
Now consider a schematic of the energy flow below

From energy conservation, the net flow into sheet one from the
sun and the net flow out of sheet one toward sheet two or ejected
from gap is

q01 = q12 + q′12, (38)
where q′12 is the part emitted into space from the gap.
Combine with Eq. 34 and

q01 =

(
1 +

β

α

)
q12 =

α+ β

α
q12 (39)

Similarly, for the remaining pairs of sheets,

q23 =
α

α+ β
q12 =

(
α

α+ β

)2

q01,

and
q34 =

α

α+ β
q23 =

(
α

α+ β

)3

q01,

and
q45 =

α

α+ β
q34 =

(
α

α+ β

)4

q01,

Finally, for the fifth (last) sheet all of the net energy flow in from
the fourth sheetmust be completely ejected into space on the dark
side.

q5s = q45 =

(
α

α+ β

)4

q01. (40)

The sum on the left side of Eq. 37 can then be written as

kq01 = ϵAI0 (41)

where

k=1 +
1

α+ β
+

α

(α+ β)2
+

α2

(α+ β)3
+

α3

(α+ β)4
+

α4

(α+ β)4

is a convenient constant.
Combining Eq. 32 with Eq. 41,

ϵAI0

k
= ϵA

(
I0 − σT 4

1

)
so

T1 = 4

√
I0

σ

(
1−

1

k

)
=

4

√
I0

kσ
(k − 1) (42)

From above,

q5s =

(
α

α+ β

)4

q01.

so
AϵσT 4

5 =

(
α

α+ β

)4 ϵAI0

k
or

T5 =
α

α+ β

4

√
I0

kσ
(43)

which can also be written elegantly as

T5 =
α

α+ β
4

√
1

k − 1
T1.

As this part of the question is complex, with multiple ways to go
wrong, andmany opportunities for approximations, themarking
scheme will be necessarily convoluted.
Some expected mistakes:

(a) Failing to account for the back flux of energy. This would
be

I0 = 2σT 4
1

and then
ασT 4

1 = 2σT 4
2 ,

and so on, concluding with

I0 = σ

(
2

α

)4

T5

or
T5 =

α

2
T1

(b) Inconsistent treatment of emissivity
The most likely error is of the form

ϵI0 = σT 4
1

(c) Incorrectly resolving β and α.

2. Find α and β

Assuming students grab the hint about effective ab-
sorptive areas, then expect
Area of gap:

Agap = 4h
√
Asheet (44)

Area of one sheet A
Assume that the probability of being absorbed by a
sheet is the ratio of effective areas

α =
ϵAsheet

2ϵAsheet +Agap
(45)

This result yields α = 0.3.
Assume the probability of ejection is a ratio of effec-
tive areas

β =
Agap

2ϵAsheet +Agap
(46)

This result yields β = 0.4.
Marking Scheme:

Gap area Eq 44 0.2 pts
Estimating α Eq 45 0.2 pts
Estimating β Eq 46 0.2 pts
Factor of 2 for A in both 0.2 pts
Weighting A by emissivity in both 0.2 pts
Finding α 0.1 pts
0.25 ≤ α ≤ 0.35 0.1 pts
Finding β 0.1 pts
0.3 ≤ β ≤ 0.83 0.1 pts
subtotal 1.4 pt
Find a better β 0.2 pts
sum 1.6 pt
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• “in both” means that to get the points they must
have used the factor of two and the emissivity both
times; if it is missing from one, they get 0.1 pts for
the equation it is present in.

• Find α and β means that it is consistent with own
work.

• Assuming 2α+ β ≈ 1 with proof would mean they
only need to find either α or β, and they would get
all of the points upon finding the other one. The
highest possible subtotal score in the case would
be 1.4 pts. Proof can be simple, however, like say-
ing “two sheets, equal probability of being trans-
mitted or absorbed into the other.”

• Assuming 2α + β ≈ 1 without proof would mean
they only need to find either α or β, and they
would get 2/3 of the points upon finding the other
one. The highest possible subtotal score in the case
would be 1.2 pts.

• Assuming α + β ≈ 1 stating a “reasonable” proof
would mean they only need to find either α or β,
and they would get 2/3 of the points upon finding
the other one. The highest possible subtotal score
in the case would be 1.2 pts. Stating “energy con-
servation” is reasonable, though incomplete.

• Assuming α + β ≈ 1 without any proof would
mean they only need to find either α or β, and they
would get 1/2 of the points upon finding the other
one. The highest possible subtotal score in the case
would be 1.1 pts.

• Finding α and β means that it is consistent with
own work.

• Read the special note about finding a better β be-
low to understand the last 0.2 pts.

Special note
Our assumption is that the rejected heat can bewrit-
ten as

qij = βϵσA
(
T 4
i − T 4

j

)
This is certainly true, but β would be infinite in the
case of Ti = Tj . It would have been better to write

qij = β′ϵσA
(
T 4
i + T 4

j

)
which would follow the energy conservation rule
2α+ β′ = 1 if ϵ ≪ 1.
In fact, β′ is really what the student is finding in the
approach above.
Assuming that the temperatures of adjacent sheets
are related by

Tj = γTi

then
β = β′ 1 + γ4

1− γ4

In our case,
γ4 ≈ (100K)

(400K)
which means

β =
5

3
β′ =

5

3
− 10

3
α

is the best estimate; in our case, we expect β = 0.67.

Anywho correctly does this gets those 0.2 pts. If they
make a single mistake, but still end up with

1− α > β > 1− 2α

they can still get 0.2 pts. If they make two or three
mistakes, but still end up with

1− α > β > 1− 2α

they can still get 0.1 pts. They only get these points
for an effort to deal with our odd definition, and rec-
ognizing that the back flux is positive for ejection
from the gap. Just writing a different β without jus-
tification doesn’t get these “special” points.
In the event that a student derives

β =
5

3
β′ =

5

3
− 10

3
α

Then their minimum score for C.3 should be 0.8
pts, then subtract off 0.1 pt for every error in their
derivation if their answer is close. After that, look
back at their work on estimating α or β alone, and
add on half points for any success, up to 1.4 pts (or
1.6 pts, if no mistakes). The score they get for C.3
would be the larger of the two scoring approaches.
Original Solution
These might still apply in some cases; the first path
was rewritten above, so not included, and the sec-
ond path assumed reflective sheets at angles, so was
deleted. Choice C is a variation that can yield a cor-
rect value for β, but it would need to be combined
with some other approach to find α.
Choice C: Estimate the radiant flux from the gap
Assuming that the enclosed volume is a black body in equilib-
rium, which it isn’t, at a temperature equal to a quartic averaging
of the two temperatures: 1

2
(T 4

i +T 4
j ). Then the energy is radiated

out of the area according to

qlost = σAg
1

2
(T 4

i + T 4
j )

where Ag is the area of the gap, given by

Ag = 4h
√
A

But energy was entering the region at the rate

qin = ϵσA(T 4
i + T 4

j ),

so the fraction lost is

β =
Ag

2A
=

2h

ϵ
√
A

= 0.7

Marking Scheme:

Estimating flux out of gap 0.2 pts
Exact flux into volume 0.2 pts
Correct estimate of gap area 0.2 pts
Finding β 0.1 pts
0.65 ≤ β ≤ 0.75 0.1 pts
sum 0.8 pt

The bounds on allowed values for β are smaller in this approach,
because there really is only one reasonable answer.
Look back at the full solution to see how to score estimates for α
based on this β.
Note that this approach has fewer possible points, as the expres-
sion for the flux out of gap makes an assumption that is based on
unchecked physics.
Choice D: Another Approach?
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Surely there will be some creative students who show other ap-
proaches. We will try and expand the marking scheme to recog-
nise these approaches as soon as they occur. A rough guide for
an incomplete approach is
Tentative Marking Scheme:

Relevant correct physics equation, each 0.2 pts
Reasonable approximation, each 0.1 pts

The maximum possible is still 1.6 pts.
An equation is only relevant if it can be argued that it would lead
to an answer to the question within the bounds of the approach
that they are following. For example, don’t award points for both
counting bounces and effective surfaces, unless each equation
contributes to a unified approach that would lead to the answer.
Find themost rewarding approach, and award points for that line
of reasoning.
If a student only finds one of α or β, then they get 0.2 pts for the
first. The marking scheme assumed they would look for α first,
but they might have looked for β, and only found that.
Be very careful with mixing and matching approaches!
A student will not get half the points for one approach plus half
the points for another approach if they attempt, but don’t suc-
ceed, with both approaches. They will be awarded the higher of
the two scores, not the sum.

3. Numerically determine the temperature of sheet 1
and the temperature of sheet 5.
The solar intensity is I0 = 1360W/m2, the back-
ground temperature of space is Tb = 20K and is neg-
ligible.
Assuming a student does C.1 correctly, and uses 2α+
β = 1, then

β α T1 (K) T5 (K)
0.3 0.35 383 120
0.4 0.3 380 102
0.5 0.25 376 83
0.6 0.2 373 65
0.7 0.15 369 48

The other bound is α+ β = 1, in that case:

β α T1 (K) T5 (K)
0.3 0.7 370 189
0.4 0.6 368 165
0.5 0.5 365 140
0.6 0.4 363 114
0.7 0.3 361 87

The numbers agree well with the theoretical perfor-
mance of 320 K and 90 K. Some of the major differ-
ences are explained by different coatings on differ-
ent surfaces, a temperature and wavelength depen-
dence on emissivity that is designed to reflect visible
light from the sun while radiating infrared on the
sunside of sheet 1, and the sheets are not uniform
temperature.
Marking Scheme:

T1 consistent with own formula 0.1 pts
250K ≤ T1 ≤ 400K 0.1 pts
T5 consistent with own formula 0.1 pts
45K ≤ T5 ≤ 200K 0.1 pts
sum 0.4 pt

The grade depends on self consistency with the pre-
vious work, so the numbers must be checked!
Note that here is a casewhere follow on errors could
be penalized twice; students should recognize that
an answer is not reasonable, as T1 should be on the
order of the temperature of the Earth, and that T5

ought to have shown significant, but not incredible,
cooling.
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Part D: The Cryo-Cooler

1. What state variables change?

(a) In order to force the gas through the plug,
which offers up considerable viscous friction,
P1 > P2; it is this pressure difference that is the
source of the force.

(b) Viscous friction is dissipative, and the energy
of moving through the plug is not allowed to
go anywhere else, so the internal energy of the
gasmust increase as itmoves through the plug,
and then U1 < U2.

(c) Though no heat is gained or lost, this is not a
constant entropy process; that can be seen be-
cause it is an irreversible process. As such, S1 <
S2

(d) Since the process of moving across a pressure
gradient imparts kinetic energy to an object, it
is expected that the fluid velocity on the right
will be higher than the left; in fact, we are told
this ismarginally true. Sincemass is conserved,
the volume of a mole of gas on the right must
also be higher than the volume of a mole on the
left, and V1 < V2.

(e) The correct answer is T1?T2. If this were an
ideal gas, one might expect T1 ≤ T2 since U ∝ T .
But this is not an ideal gas, and U will be a func-
tion of temperature and density. As such, it
is not possible to know the comparative rela-
tion between T1 and T2. That’s the whole point
of this problem, and the challenge of trying to
make liquid helium.

Marking scheme:

For each correct response +0.2 pts
sum 1.0 pt

Explanations by the students are not needed.

2. A mole of gas at P1, V1, T1, U1 enters the porous plug
from the left, and that mole of gas exits the porous
plug on the other side at P2, V2, T2, U2.
Consider first a control volume approach
The figure below shows the motion of a mole of gas
through the plug; the mole is shown in pink. Gas to
the left of themole pushes themole through the plug
with a constant force P1A through a volume V1.

Gas Parcel

Porous Plug

The mole of gas moves through the plug to the right
hand side, in the process pushing on the air to the
right of the mole with a constant force P2A, through
a volume V2.

Porous Plug

Gas Parcel

The work that the surrounding gas in region 1 does
on the gas pushing it into the plug is

W1 = P1V1

because the pressure is constant, and the effective
change of volume is V1. Similarly, when the gas en-
ters region 2 it must displace a volume V2 of gas that
was already there, so

W2 = −P2V2

The net work is then

Wnet = P1V1 − P2V2 (47)

Since there is no heat exchanged,

U2 − U1 = ∆U = Q+Wnet = P1V1 − P2V2 (48)

which implies

∆U = U2 − U1 = P1V1 − P2V2.

Upon rearranging

U2 + P2V2 = U1 + P1V1

and therefore
U + PV

is a conserved quantity.
Marking scheme:

Compute correctW1 0.1 pts
Compute correctW2 0.1 pts
Write energy law, Eq 48 0.2 pts
Show U + PV conserved 0.2 pts
sum 0.6 pt

Consider instead a differential approach
Another way to look at this problem is to focus on
a differential sample of gas as it moves through the
plug.
The figure below illustrates this
The total energy of parcel of molar size δm has two
relevant energy terms: the internal energy δU and
the bulk kinetic energy δK. It has a volume δV .
These four quantities are extrinsic, but to simplify
notation, we will drop the δ. It’s still there, just in-
visible.
For simplicity’s sake, assume a cylindrical shape to
the parcel, with an end cap area δA and a length
dx. Once again, we will drop the δ. There are three
forces that act on the shape, one associated with
pressure on the left end, one associated with pres-
sure on the right end, and frictional force associated
with viscosity against the walls of the container.
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Since this is a parcel of differential length dx, the
net force associatedwith the pressure difference be-
tween the ends is

Fends = −V
dP

dx

where V is again the volume of the cylinder.
But this force is (mostly) balanced by the viscous
frictional force Fwalls with the walls of the sponge;
these two forces effectively add to zero. In fact, it is
the viscous forces with the wall that cause the pres-
sure gradient across the sponge.
The bulk kinetic energy of the parcel does not
change significantly as it moves through the sponge.
This is seen in that the bulk speed of the gas doesn’t
change significantly as it moves through the sponge.
The problem with this approach is that the system
is not in thermodynamic equilibrium; the process is
not reversible, so it is not possible to attach well de-
fined state variables. This means that

dU = TdS − PdV (49)

is not a function that can be integrated; in fact, dS ̸=
0 from the previous part of the problem. Arguing
that V dP = −TdS is rather handwavy, and resolving
this actually requires considering a control volume
approach.
Still, the energy conservation ideas still hold true,
even if thermodynamically poorly defined, so

dU = −PdV − V dP

since the part associated with −V dP doesn’t change
the bulk kinetic energy, and instead dissipates into
internal energy of the gas.
The result is that

dU = −d(PV )

or
U + PV

is a constant
Marking scheme:

Traditional δW = −PdV 0.1 pts
Bulk kinetic δK = −V dP 0.1 pts
Explain where δK goes 0.1 pts
Differential Eq 49 0.1 pts
integrate U + PV constant 0.1 pts
sum 0.5/0.6 pt

Because of the many subtle traps, this approach will
not get the same number of points as the control vol-
ume approach.
Writing dU = −PdV and integrating to find U + PV
is constant gets only 0.2 pts. This is because there
are several errors: the differential is poorly defined
within the sponge; because the state variables are
poorly defined; P is not a constant; so you can’t ac-
tually integrate it; and the work done in this case is
not correctly computed. Four wrongs don’t make a
right.

3. One can find pressure on this graph by applying

dU = TdS − PdV

and then requiring constant entropy so that dS = 0,
and then

P = −
(
∂U

∂V

)
S

(50)

which are the negative slopes of the constant en-
tropy curves on a U − V graph.
Another approach to find pressure is to consider a
line of constant U , then

P

T
=

(
∂S

∂V

)
U

Then
U + PV = U −

(
∂U

∂V

)
S

V

is the conserved quantity.
Now−(∂U/∂V )S ismeasured only at the point V1, U1,
and is the slope of the tangent line to the constant
entropy curve. Following that tangent line back a
distance V takes it to an intercept with the U axis,
and that intercept is then the conserved quantity.
More mathematically, define a function H

H = U + PV

then
U = H2 − P2V

is the equation of a line,

U = H2 +

(
∂U

∂V

)
S

∣∣∣∣
2

V (51)

with the U intercept equal to the conserved H2.
An estimate can bemade visually, but it is difficult to
be accurate. Try constructing a line from the point
V2 = 0.120, T2 = 7.5 that is tangent to the local isen-
trope, and the result will intercept the U axis. This
result is somewhere around 40. This is shown in
green below.

Now to improve the result.
Draw a line out from 39 that is tangent to the near-
est isentrope to V2 = 0.100, T2 = 7.5; draw another
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line out from 41 that is also tangent to the nearest
isentrope to V2 = 0.100, T2 = 7.5. These are shown in
purple below.

Measuring the distance with a ruler, find the frac-
tional distance between the two purple lines to the
point V2 = 0.100, T2 = 7.5 along the highlighted green
line. It is about 75% theway from the bottom purple
line. This means that the conserved quantity ought
be 75% the way up on the highlighted blue section
on the graph. A line connecting the two is shown in
green.

This point is about 41kJ/kg. The actual value for the
conserved quantity is U + PV = 40.7kJ/kg.

Marking scheme:

Pressure formula stated, Eq 50 0.2 pts
Tangent intercept concept 0.4 pts
A first estimate for H 0.2 pts
Upper bound for estimate set 0.2 pts
Lower bound for estimate set 0.2 pts
Interpolated estimate set 0.2 pts
40.5 < H < 41.0 0.2/0.2 pts
40.2 < H < 41.2 0.1/0.2 pts
sum 1.4 pt

As the task asks for a graphical construction, and it
is not possible to construct an accurate tangent to
the isentrope at T2 = 7.5K based on a single line, stu-
dents must do something to improve or verify the
result, even if it is correct on the first guess. Hence
the upper and lower bound approach and interpo-
lation, or something equivalent.

4. Draw a series of radial lines out from the conserved
point that are tangent to lines of constant entropy.
Mark the tangent point. Connect with a smooth
curve; this curve is the set of points U1 as a function
of V1 that has the conserved quantity. Look for the
maximum temperature intercept.

This happens at about T1 = 11K. If T1 is higher than
this, it would not be possible to cool down to T2 =
7.5K.

Students don’t need to draw every line, as with a
straight edge one can find the tangent that maxi-
mizes the temperature T1 by shifting it around vi-
sually.

Line starts from student’s H 0.2 pts
Line intercepts an isentrope 0.2 pts
The isentrope matches max T1 0.2 pts
Stated T1 within 0.5K of student’s construction 0.1 pts
10K ≤ T1 ≤ 12K 0.1 pts
sum 0.8 pt

5. Using the slope of the line from the conserved quan-
tity to the maximum temperature point, compute
the pressure.
Using the results from above,

P1 = − (41)− (10)

(0)− (0.0170)
= 1.8MPa

If they didn’t know to use slope by this point, they
can’t generate an answer. As such, they would al-
ready have received points for the pressure for-
mula, and we only consider the numerical result

P agrees with the slope of the graph 0.1 pts
1.6MPa ≤ P1 ≤ 2.4MPa 0.1 pts
sum 0.2 pt




