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To SLaocTnULKO tnAeokoTiLo James Webb (12 Movadeg)

To Bepa autd apopd otn PUGCLKN) TToU oxeTileTal P TN AELToupyia ToU SLactnukoU TnAEoKoTilou James
Webb. ApxLkd, aktivooAila amo Evav aotePa, TIPOOTILTTTEL OTO TIPWTEVOV KAtoTTpo (Primary Mirror), Tou
ottolou N eTLPAVELd €XEL EPPRASO Aoy = 25 M2, ITN CUVEXELQ, N aKTWVOROALA KateuBUVETAL TIPOG €va
Seutepeliov kdtottpo (Secondary Mirror) ato to omoto avakAdtal. H €0TLakr) andotaon ToU CUCTHHATOG
elvat f = 130 m. H aktwvoBoAla eotialetal oto ISIM (Integrated Science Instrument Module), to omolo
TIEPLEXEL TLG TUTIOU CCD (charged-coupled device) KApePEG .
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rnyn ewkovag: NASA

Mépog A. ATteLkovion evog actépa (1,8 Movasdeg)

O mAnoLeotepog EpuBpdg Myavtag ameyel amo tn Mn 89 £€tn pwtog, £xeL Beppokpaaia Ty, = 3600 K, kat
Siapetpo d, = 1.7 x 10t m.

A1 Na uTtoAOYLOETE Tn SLAPETPO PLAG EOTLACHEVNG £LKOVAG TOU aotépa otnv emt-  0.4pt
pavela anotunwong tng kapepag CCD.

A.2 Na uttoAoyloeTe TN SLAPETPO VO KEVTPLKOU peyloTtou TtepiBAaong otnv emupd-  0.4pt
VELO amoTUTIWOoNG TNG Kapepag CCD. Na Bewpr)oste prikog KUPATOG A = 800 Nm,
TIoU €lval To PAKOG KUHATOG PE TNV LoYupoTepn €vtaon aktivooAiag amd tov
EpuBpd lMyavta.

A3 Na Bewprjoete 6tL n CCD Sev YUxetal kal pmopel va xdoeL Bgppotnta pévo  1.0pt
MEOW TNG AKTWWORBOALAG aTio TNV EMAVW ETILYPAVELA TNE ETTLPAVELAG ATIOTUTIWGNG.
Na uttohoyloete tn Beppokpacia tooppotiiag tng CCD otn B£0n TG £LKOVAG TOU
EpuBpou lNyavta. Na untoBeoete 6tLn emupavela tng CCD elval eva pédav cwpya.
H amavtnor oag va 506l pe pla oxéon Kat pla aplbuntikn ektipynon.

Mépog B. Katapgtpnon pwtoviwyv (1,8 Movasdeg)

H amoppdwnon evdg pwtoviou amod tnv kdpepa CCD TPOKAAEL EKTIOUTI €EVOG NAEKTPOVIOU EVTOG TNG
OUOKEUNG. AUTO cupBaivel pOvo OTaV TO PWTOVLO EXEL ETTAPKN EVEPYELA YLA VA SLEYELPEL Eva NAEKTPOVLO
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TAvw amo To evepyeLako xaopa AE, . Na UTIoBECETE OTLKABE PWTOVLO HE ETTAPKI EVEPYELA TA KATAPEPVEL.
Atap€oou Tou xdopatog, uttapyeL Sltappor) NAEKTpoviwv n otola TipokaAeitatl Adyw tng Beppokpaciag
NG K&pepag CCD. To peupa autd ovopadetal peUPA OKOTOUG i, KAl PETPLETAL O€ TIARBOG NAEKTPOVIWY
ava SeutepoAertto. To peUpa oKOTOUG elval cuvaptnon tng Bepuokpaciag cupYwva Pe T oxeon:

ig = Iyige 1A Fal/ksT, (1)

OTIoU i, elval pla otabepd.

102

10!

10°

iq (€7/s)

0.11 0.12 0.13 0.14 0.15 0.16 0.17
1/T (1/K)

To ypagpnpa Seixvel TNV peTaBoAn] tou peUPATOG OKOTOUG e TNV Beppokpacia. Ot povAasdeg
TOU OKOTELWVOU peVATOG, e~ /s Ba TpeEmeL va eppnveLBOUV WG KATAPETPNON TOU TIANB0UG TwV
NAEKTPOVIWV ava SeUTEPOAETTO.

B.1 ATIO TNV TILO TTAVW YPAPLK TIAPACTACT TIOU AOpA 0TO pEVA OKOTOUG, va utto-  0.4pt
Aoylogte tnVv tagn pey€Boug tng xaunAdtepng Bepuokpaciag plag amopakpu-
OUEVINC TINYNG BEPULKWY PpwToviwy TIou Ba ATav LKavr) va SLEyeLpeL opLaKA eva
NAEKTPOVLO OTO ELKOVOOTOLXELO (pixel).

Ta NAekTPOVLA CUANEYOVTAL OE £VaV TIUKVWTI KAl PETA armtd €va Xpovo €KBEONG 7, KATAPETPWVTAL. XTN
Sladikaoia mapouotalovtal TPELG KUPLEG TINYEG aBeBatdtntag: (a) yla otabepr aBeBatdtnta otn Sia-
Skaoia katapetpnong mou ovopaletal 86puPog avayvwong, (B) éva opdApa katavopng Poisson Tou
oxetidetal Pe To pelpa oKOTOUG Kat (Y) Eva o@aApa Katavounig Poisson Ttou oxetidetal Pe Ta aviyveuo-
Heva eloepydpeva pwtovia. Ta opdApata Poisson elval toa pe tnv TeTtpaywvikn pida tou aptBpol twv
HETPocWV Tou oxetifovtal pe pla Stadikaoia. O peTpoupevog aplBudg pwtoviwy eival oog pe tov
apLBpo TWV NAEKTPOVIWY OTOV TIUKVWTH, HELOV TOV apLlBPd TwV NAEKTPOVIWY TIoU oxeTi{ovTal PE TO OKOo-
TEWVO pevpa.

B.2 Na ypagete pia €k@paocn yla tn cUVoALKr afeBatdtnta katapetpnong o, av  0.4pt
uTtapyxeL BOpuUPOg avayvwong o,., PEUPA OKOTOUG iy, PUBHOG ELOEPYXOHEVWY PW-
Toviwv p KaL xpovog €kBeong 7.

A TLG UTIOAOLTTEG EPWTIOELG AUTOU TOU PEPOUG VA UTIOBEDETE OTL 0 XpOVOG €kBeang elvatl 7 = 10* s kat
OTL 0 BOpUPOG avayvwong ExeL otabepr) TN o, = 14.
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B.3 Na uroBéoete 6t n Beppokpaoia Aettoupyiag eivat 7, = 7.5K. Na urtodoyl-  0.5pt
OTE TOV €AAXLOTO PUBUO PWTOVIWY p, WOTE N KATAPETPNON YWToViwv va glvat
SekamAdola tng apefaldtntag KatapETpnong.

B.4 Na uttoBeoete OtL OAA Ta PWTOVLA €lval Lkavd wote POALG va Steyeipouv éva  0.5pt
NAEKTPOVLO TTAVW aTIo To evepyelakd xdopa {wvng. Na uttoAoyloete tnv évtaon
NG TINYNS pwtoviwy, ou Bpébnke oto B.3, 0To Tipwtelov KatoTtpo. Na ekppa-
oTe TNV anavtnor| oag o W/m?

Mépog I'. Madntikn Yugn (4,4 Movasdeq)

Mua uttépuBpn kapepa CCD mpemel va Slatnpeitat oe xapnAr Beppokpacia. To TPWTO EPYAAELo TIOU
XpnotpotoLeltal yia Tov okotd auto lval pla aotida mpootaciag aro Ty NALAK aktvoBoAla (NAtakn)

aoTida).

H nAtakr aottida, 6TwG Yatvetat oto akdAouBo oxAua, amoteAsital amnod TEVTIE EEXWPLOTA AVAKAQOTIKA
otpwpata (1, 2, 3, 4, 5) ta omota amoteAolvtal and AsTttd QUAAA (PTTAE). H aktwvoBoAolpevn evépyela
(KOKKLVN) a1t TOV AALO TIPOOTILTITEL OTO TIPWTO YPUAAO (1) ota apLotepd. Meta&U tou Kabe {euyoug QYUA-

AWV PEPOG TNG EVEPYELAG SLaeUlyeL 0To SLaotnpa (katakdpuga BEAn).

1 2 3 4 5

ZXNHATLKY avamapdotacn tng porg EVEPYELAG: OL KABETEG YPAMMES (OKOUPOU XpwHAToG) slvatl
Ta QUAAQ, N pOr) TNG EVEPYELAG (YKPL XPWHA) elvat amod aplotepd ipog ta Se€Ld, woTtdoo, JeTagu

TWV QUANWV, PEPOG TNG EVEPYELAG PEEL TIPOG TA TIAVW Kal €§w OTo SLaotnua.
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2taaplotepd elkovidetat eva amAo PoVTEAO §U0 YELTOVLKWY (PUAAWY, 1 KaL 2 TIOU ATTEXOUV KaTd
h. Ta @UAAa Sev cuvEEovtal Kat N TePPETPOG elval avolktr] oto Sidotnua. Na uTtoBEoeTe OTL
Ta YUAa Bplokovtal og TapdAAnAa emimeda. Ta @UAAA PTIOPOUV VA AVTAAAACOOUV BEPULKD
akTLoBoALa, n otmola pmopet emong va Slagelyel amo to SLAKEVO otV TEPLPETPO. XTo Sekl
OTLYHLOTUTIO TO SLAKEVO EPPavVIZeTal OKLAOOPEVO yLa AGYOUG OTITLKOTIONONG.

Na KAVETE TLC aKOAOUBEC UTTOBEOELC:

Ta UN\a givat TETpAywvou oXNHATog, KaBéva pe ePRASOV A, e = 200 M2,
Ta UAAa elval TapaAANAd Kat améxouv h = 25 cm Katd PAKOG TNG TEEPLUETPOU.

Ta pUAAA €x0UV 0TABEPG CUVTEAEDTN EKTIOUTING € < 1. Na Bewprjoete Tl OAeG oL avakAAoeLg amd
TNV €mLpaveLa VoG @UANOU SLaxeovtal.

Ta @UAMa gival AeTttd kal ol Beppokpacieg Toug otnV EPTPOCOLA Kal oTNV TIoW ETILPAVELA Elval
logg KaL €Xouv tnV (8La T o€ OAN TNV EMLPAVELA.

To KAAopa NG Porg aKTLVOBOALAG TIOU EKTIEUTIETAL ATIO £va (PUAAO KAl ATIOPPOPATAL ATIO TO YELTO-
VLKO QUANO elvat a < 1. Autd onpalvel 6tL av To QUAND 1 0T QVWTEPW ELKOVA EKTIEUTIEL VA TIOCO
BeppoTNTAG Q,TIPOG TO YUANO 2, TOTE TO PUANO 2 Ba artoppoPrioeL KAAopa autol tou Ttocou (0o
TPOG o, armd To YUAANO 1.

To 10006 NG porg aktvoPoAiag Tou Stagelyel amod to Stdkevo petagl Vo PYUAAWV LooUTal Katd
TIPOCEYYLON HE Q5 OTIOU Q) €lval n kabapr) por PeTagL Twv SUo YUAAWV. Na To KAAopa B LoxUeL
B < 1. Iooduvapa Ba pyropoucape va TIOUKE OTL TO TI000 BeppdTnTag HETA&U TWV SU0 YUAAWVY TTOU
xAvetal oto Stdotnpa eivat avaloyo tou kabapoul tocol BeppudtnTag Tou avtaAdooetat HETagy
TWV QUANWV. AUTH| aTtOTEAEL PLa XOVSPLKK) TIPOCEYYLON.

H Beppokpacia uttofabpou tou Slactrjpatog elval apeAntea.
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C1 Na e§ayayete ek@pACELG yLa TLG BEPPOKPACLEG LOOPPOTILAG TOU TIPWTOU YUA-  2.4pt
AOU KaL TOU TEEPTITOU YUAAOU WG TIPOG TNV €VTAch TG TTPOCTILIITOUCAC NALAKNG
akTvoBoAlag I, TLG oTabepeq a kKal 3, KaBwGg KaL TUXOV avayKaleg PUOLKEG OTa-

Bepéc. MNa va amAoTIOLOETE TA ATIOTEAEOPATA 0aG, YTIopElte va oploete Tpod-
00€TEC 0TAOEPEG WC TIPOC TA v KAL 3 K.ATL

C.2 Na e€ayayete aplBPNTIKEG EKTLUAOELG YLa TA « KAl 8 aTo TLG TAnpowopieg oxe-  1.6pt
TIKA PE TN YEWHETPLA TOU YUANOU, UTIOBETOVTAG OTL O CUVTEAEDTHG EKTIOMTING
elvat e = 0.05. Oa TPETEL va BewpPr)OETE TO POVTEAO Tou TIaparAnAeminmesou
KOUTLOU yLa TA QVWTEPW PUAAQ, OTIOU N TIEPLPEPELAKT ETILPAVELD TIPOAKTLKA AEL-
TOUPYEL WG TEAELOG ATTOPPOPNTAPAG TNG AKTLVOBOAOUNEVNG EVEPYELAG.

c3 Na TipooSLoploeTe TLG apLBPNTIKEG TLUEG TWV BEpPOKPAOLWY TwV PUAWVY 1 kat  0.4pt
5. H évtaon tng nALaknig aktvoBoAiag sivat I, = 1360 W/m?2.

Mépog A. KpuopUktng (4 Movadeg)

To teAeutalo otadLlo tou cuotrpatog Puéng, Yuxel ameubeiag tnv kApepa CCD. Eva ouotnua Pugng kAeL-
OTOU KUKAOU SLABETEL PLa ypappr) SwARVWY TTapoxng Tou TPoYosoTel agplo NALo UTO otabepn Tiieon
P,. To 0€plo PETAPEPETAL HEOW VO TTIOPWSOUE TIWHATOG (porous plug), TTou Aettoupyel oav omdyyog,
Tpog €vav owAnva pe otabepr) miieon . O ocwAnvag petagepeLl To agplo yia va PugeL tnv CCD. Ztnv
OUVEXELQ, TO AEPLO NALO TIEPVA ATIO PLa AVTALA TIPLV ETILOTPEPEL OTN YPAUMT TTAPOXNC.

Porous Plug

A€pLo AALO TIOU TtapoxeTEVETAL amtd aploTeEPA OTIoU eTLKpaTel KAAd kaBoplopévn Tiieon P, Kat Beppo-
kpaola T, eEavaykalstat va SLEABEL HEoW TOU TIOPWSOUG TIWHATOG (0Ttdyy0G) TIPOG TTEPLOX NG KAAA Kabo-
pLopévng Tiieong P, kat Beppokpaciag Ty, amd OTIoU amopakpUVETAL KLVOUUEVO TIPOG Ta SeELA.

Kabwg to agpLo Kveltal péoca amo tov omoyyo, N TteLPn (LEwdEE) pe Ta oTeVA TOLXWHATA TWV KAVAALWY
TOU OoTtdyyou CUVLOTA PLa CNPAVTLKA eTidpacn. Qotdoo, katd tn Stdpkela tng Stadlkaciag Sev petapé-
petaL BeppoéTNTaA TIPOG R a6 TO agpLo. H tayutnta porg tou agplou otnv TepLloxn 2 elvat HOVo opLaka
HEyaAUTEpN amod Tnv taxutnta pong otnv meploxn 1.

To AALo Sev lval L6aviko agpLo, aAAA TIAPAPEVEL OE AEPLA KATAoTaon KaBOAn tnv Stdpkela tng Stadika-
olac.
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D.1 Na Bswprjoste 0TL €va mole agplou Tepvdel amo aplotepd Tipog ta Se€La peoa  1.0pt
amd 1o WAL
Na CUMPTIANPWOTE ToV Tilvaka oto PUAAO ATTAVINCEWV XPNOLUOTIOLWVTAG Ta
oUpBoAa:
">" 1] "<" yLa va TIPOOSLOPLOETE TNV TTOCOTNTA TIOU TIPETIEL VA Eval PeyaAUTePN,
"="yLa va TIPoOoSLOPLOETE TLG TTOCOTNTEG TIOU TIPETEL Va lval Logg 1y
"?" av aduvatoUpE va amo@avBoUlE XWPLG TIEPLOCOTEPES TIANPOPOPLEG.
D.2 Na TtpooSLoploETe PLa YUOLKA TTooOTNTA TIou Slatnpeital kabwg eva mole as-  0.6pt

plou kwveltal péoa amod 1o nwpa. H tooodtnta autr) va 5§00l GUVAPTACEL TwV
AKOAOUBWV PUOLKWY PeyeBwWV:

(a) U (ecwteplkr) evepyeLa),

(B) P (mtieon) kat

(y) V (6ykog)

Na cupTepAGBETE TOV TPOTIO TTIOU OKOAOUBNOATE YLa VA KATAANEETE OTN CUYKE-
KPLYEVN TTOCOTNTA.

210 DUANO ATTAVTIOEWVY UTIAPYOUV YPAPLKEG TIAPACTACELG TNG ECWTEPLKNG EVEPYELAG ava povada palag
o€ Oox€on PE Tov OYyKo avd povasda padag yLa To AALO, HE KAUTIUAEG LOOBEPUNG HETABOANG KAl YPAHHES
otabepng evrporiiag.

D.3

YmoBétovtag 6tL V, = 0.100 m3/kg kaL Ty, = 7.5 Kva XproLUOTIOLOTE T YPaPLKA
mapdotaon yla va Bpelte pyla aplBunTiki TP yla tnv oodtnta mouv Slatnpetl-
TaL (tou epwtripatog D.2). Na arotutiwoete tnv Sltadlkacia mou akoAoubrjoate
TIAVW OTNV YPAYLKN TTapdotacn Tou uttapxel oto PUAAO ATtavtroewv!

1.4pt

D.4

Na urtoAoylogte tn péyrotn duvatr T tng Beppokpaciag 7;. Na deiete tov
TPOTIO £pyactiag oag otnv ypa@kr tapdotacn tou PUMou Epyaciac.

0.8pt

D.5

Na XpNOLUOTIOLOETE TNV TLUN TNG Péylotng 1) Tou Bprikate oto epwtnpa D.4
yLa va UTtoAoy(Oo€Te TNV TN NG P;.

0.2pt
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To SLaocTnULKO tnAeokoTiLo James Webb (12 Movadeg)

MéEpog A. ATteLkovion evog actépa (1,8 Movasdeg)

A.1 (0.4 pt)

APLGHHUKF'] 'ELpI"] yua dimage =

A.2 (0.4 pt)

ApLOPNTLKA TLA YL dyigs =

A.3 (1.0 pt)
IXE0N YA Timage

ApLOUNTKY TLpr Timage =

Mépog B. Katapétpnon pwtoviwv (1,8 Movasdeg)

B.1 (0.4 pt)

ApOUNTKA TN V1A Tooyrce =

B.2 (0.4 pt)

Ixéon ywa o,

B.3 (0.5 pt)

ApLOUNTKA T YL p =

B.4 (0.5 pt)

ApLBUNTLKA TLUA yLa TNV €vtaon

Mépog I'. Madntikn Yugn (4,4 Movasdeg)
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C.1 (2.4 pt)

Ixéonywato T

Zxeon ywa to Ty

C.2 (1.6 pt)
AplOUNTLKN EKTiPNON o =

ApBunTkA extipnon g =

C.3 (0.4 pt)
AplOunTkA TN T, =

AplOpnTkn T Ty =

Mépog A. KpuopUktng (4 Movadeg)

D.1 (1.0 pt)

Moootnta - Ovopa | Moodtnta 1 | Zuykplvete xpnolpomowwvtag ">", "<”, "=" N "?" | Nocotnta 2
EocwtepLkr] evépyela U, U,
Oeppokpacia T, T,
Evtporia Sy Sy
Mieon P, P,
Oykog Vi Vy

D.2 (0.6 pt)

Zx€on yLa tnv moodtnta mou dtatnpeitat
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D.3 (1.4 pt)
Ol oupTtayelg KaUTUAEG (UE KaBodLkn Ttéon kabwg au&dvetal o OyKog) avamapLloTouv otabepr) TLun
EVTPOTILAG S- OL TLHEG YLa TLG EVTOVEG KAUTIUAEG Bplokovtal otnv Kopu®n.
OL SLOKEKOPPEVEG KAPTIVAEG (e avodikn tdon kabwg auvgdvetal o dykog) avilotolyoUv os otabepn
Beppokpacia T- oL TLUEG YLa TLG EVTOVECG KAPTIUAEG lval ota Se€La.
H eowtepLkn evepyela (ava kg) U lvat otov katakopupo agova- o dykog (ava kg) V' elvat otov opt-
{ovtio agova
H : 10 kJlkg-K
50-0_ ! T TTTTI T T T]TT]
450
s00[—
B0
) L
=¥__ -
3_, 300 —
3 -
2504~
200
150 —
100 ANEENERNERI ERRNE RNER SRRNE RNRNE ARNNE RENRE SRRNE RRREY
0.000 00100 0.0200 0.0300 0.0400 00500 0.0600 0.0700 0.800 0.0900 0100 0.110  0.120
V (m¥kg)
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D.4 (0.8 pt)

OklkgK  25kikgk

500 | | |

45.0—

40.0—

36.0—

U (kJ/Kg)
«
o
[

250~

200—

15.0—

10.0 | ] |

0.000 0.00500

V (m*kg)

0.0150

D.5 (0.2 pt)

AplOpnTKnA TR ya P, =
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Theoretical problems: solutions. Language: English

T2: James Webb Space Telescope (12 pts)

Updated July 15, 12:30 PM China Time

Changes since July 13, 4:30 PM China Time are high-
lighted in red, unless those changes are only correcting
minor typos that don’t affect marking scheme. You are
particularly urged to pay attention to any red changes
in the marking scheme, as some of these may have oc-
curred after papers were initially marked.

Some general notes for entire Theory 2 marking

An equation which is dimensionally correct, but miss-
ing a multiplicative factor or having a single transcrip-
tion error from a previous equation, will receive a de-
duction of -0.1 pts.

An equation which is dimensionally incorrect or one
which has more than two transcription errors will re-
ceive no points.

Follow on errors are not transcription errors; the only
penalty will be in the first occurrence of a mistake, ex-
cept in the case of a dimensionally incorrect equation,
which still receives no points, even if a follow on error.

There are two follow on caveats below.

If an error in an equation trivializes the remainder of
the problem, then no additional points after that should
be awarded. For example, if a student is computing
counts, and they arrive at the incorrect answer of zero,
then they should not get future points that compute in-
tensity, density, uncertainty, as these would all become
trivial.

If an error in an equation makes the remainder of a
problem physically unrealistic, then they should get no
points for any requested numerical results, but they can
continue to get points for theoretical equations. For ex-
ample, if a student has an extra factor of 100, they can
get points for derivations, but if asked to find a temper-
ature they will not get points for reporting 100 times the
actual temperature. They will also not get points for re-
porting the correct actual temperature, because it will
not be consistent with their theory.

If an equation can be implied to have been used, then
the assumption is that it did exist and would get points.
For example, writing Eq. 7 without explicitly writing
Eq. 6 would get points for both equations, subject to er-
ror rules above.

In places on the mark scheme there are a range of ac-
ceptable answers, and in places the range is divided into
two possible ranges, a close range for full points, and a
larger range for partial points. This might appear like
this:

35um < dg < 47um | 0.2 pts
20pum < dg < 90pm | 0.1/0.2 pts

which means that they get 0.2 pts if they are within the
narrow range, but only 0.1 pts if they are outside the nar-
row range but still within the larger range. They would
never get 0.3 pts in this scheme, so don’t double count!

Part A: Imaging a Star (1.8 pt)

1. Diameter of image

The ratio of diameter d, for an object at a distance
D, > f and an image diameter d; is given by

di [
d, D, (3)

so the diameter of the image is

4 - (1.7 x 101* m)(130m) B
"7 (89 1y)(3 x 10° m/s)(365 d/y) (86,400 s/d)

= 26x107° m=26um.

Marking scheme:

correct formula Eq 3 | 0.2 pts
d; =(26+t1)pm 0.2 pts
sum | 0.4pts

Units must be shown for a numerical result to get
points; writing the correct answer without showing
work also receives full marks for this problem.

. Diameter of central maximum

The angular radius of the central maximum is

A
rnin = 1.2275 (4)

A = 800nm is given in the problem

D is the aperture size, which is the primary mirror,
or 2D? = 25 m?, s0

D =5.6m

The diameter of the central maximum is then

Af
VAT

dg = 20minf = 2.44%]‘ =1.22 (5)

The numerical value is

B (8 x 1077 m)
di = 2022

= 45x107° m=45um.

(130 m) =

dq = 37um is also acceptable (omitting the factor of
1.22 is okay).

Marking scheme:

correct formula Eq 5 0.1 pts
Aperture D = (5.6 £ 0.2)m | 0.1 pts
35pm < dg < 47um 0.2 pts
sum | 0.4pts

No penalty for ignoring factor of 1.22, so check their
math. Units must be shown for a numerical result to
get points; writing the correct answer without show-
ing work also receives full marks for this problem.

. Equilibrium temperature of the detector at the loca-

tion of the image?
The radiant power from the star is

P, = 47T7“020'Tg4 (6)
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The intensity at the location of the scope is

2
Pg — <T0> O’Tg4 (7)

=
9 4rD,? D,

This is collected onto the mirror with area A and fo-
cused on a single spot of radius r;, so that the power
incident is

2 2
P=A (;) oT,* = A (;) oT,* (8)

But at the image we have an equilibrium tempera-
ture of
P = aJTp4,

where a = 7r?, so
T3 2
4 1 4
aoT,” = <f> AoT,
or, ignoring diffraction,

AN

When considering diffraction the actual area of the
stars’ image is larger,

, (dz—f—dd

2
a = 1 > a ~ T7.46a (10)

where the actual ratio depends on answers above.
This means the actual pixel temperature will be

A i
Tp,correct = ((746)7‘(]02) Tg ~ 320K. (11)

Marking scheme:

power of source, Eq 6 0.2 pts
intensity at mirror, Eq 7 0.2 pts
power of image, Eq 8 0.2 pts
correct for diffraction Eq. 10 | 0.1 pts
Either Eq. 9 or Eq. 11 0.1 pts
numerical result 0.2 pts
sum 1.0 pt

Units must be shown for a numerical result to get
points; the answer T' ~ (320 + 10)K for including
diffraction or T ~ (530 + 10)K for ignoring diffrac-
tion must be consistent with their approach. Check
the number, since the ratio in Eq 10 depends on their
answer to A.2

Students must present a symbolic equation in their
solution.

Writing Eq. 11 without showing any other work re-
ceives 0.8 pts; Writing Eq. 9 without showing any
other work receives 0.7 pts.

Part B: Counting Photons (1.8 pt)

1. Temperature of source

We are interested in the slope of the graph, which is

(3)—(=1)
(0.111/K) — (0.151/K)

slope = = —-100K

Since thisis a characteristic temperature, it is at least
a partial answer to the problem.

The value of

AF,
6k

| =In10 x 100K = 230K

So the value of

AE,

=6 x 230K = 1380K
kg

Marking scheme:

slope of graph = —100K | 0.2 pts

Tyraph = 230K 0.1 pts
Tsource = 1380K 0.1 pts
sum | 0.4 pt

Writing either temperature correctly implies they
found the slope of graph, and would get the +0.2 pts.
Just writing T,... = 1380K gets full marks, as it re-
ally is possible to solve this in one’s head.

Order of magnitude 7 = 10K will get full marks, and
no work needs to be shown.

As this is order of magnitude, the following final an-
swers will get full marks: 77 = 600K, T' = 1000K,
T = (1380 + 10)K, T" = 1500K. Other numbers in
the range 500 < 7' < 1500 that are more precise
than these answers ought have a problem score of
no more that 0.2 pts, and must show working that
supports their answers!

. Write an expression for the total count uncertainty

Ot

The three uncertainties are

O
and
04 = idT
and
op = /DT
and then

o’ =02+ (ia+p) T
Marking scheme:

correct error for dark current | 0.1 pts
correct read photon 0.1 pts
added in quadrature 0.2 pts
sum | 0.4 pt
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Writing

oy = 0p +VigT + /T
only gets +0.1, instead of the quadrature +0.2
Forgetting the read error term is a -0.1 pt deduction.

Correct dark current and photon count errors in fi-
nal answer are acceptable evidence for those points;
it is not necessary for the student to explicitly state
what is what.

. Determine the photon count for a signal to noise ra-
tio of S/N = 10.

At atemperature of T = 7.5K, the dark currentisi, =
5 electrons/second. This gives a total dark current
count of

igT =5 x 10*

Answers in the range iy, = 5 + 1 will be accepted for
full marks.
Let P be the photon count. Then

P =100,
SO
P? =100 (07 + iqT + P) (12)

with solution P = 2290, and a rate of p = 0.229 pho-
tons per second.

Marking scheme:

ig=(b=x1l)e/s | 0.2pts
1<i3<10 0.1/0.2 pts
Eq12 0.1 pts
0.206 < p <0.25 | 0.2 pts
0.10<p<0.33 | 0.1/0.2 pts
sum 0.5 pt

They only get the points for p, the count rate, if it
agrees with their assumption for i, so check the
math!

Writing only the absolute counts P instead of the
rate p would get 0.1 pts for 2060 < P < 2500 and no
points if outside this range.

Ignoring o, does not incur a penalty, asitisrelatively
small.
. What is intensity of source?
The near-infrared photons have an energy of £, =
2.3 X 6kgT, SO

Ey = (1380K)(1.38 x 107 J/K) = 1.9 x 107%°]

This is not an order of magnitude question like B.1
The energy received every second is

E=(0.23)(1.9 x 1072°]) = 4.4 x 1072°]

and the incident intensity on the primary mirror is
then

_Bj/t _ (44x 107207 /s)

I= = 1.8 x 10722 W/m?
A (25 m?) . /m

Marking scheme:

E\x=(240.1)x10"2] | 0.3 pts
Forgetting In 10 factor -0.1 pts
I=(1.840.2)x10"22W | 0.2 pts
sum | 0.5 pt

If they forget factor In 10, then the correct intensity
would be (7.840.2) x 10723 W. They only get the In 10
penalty once!
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Part C: The Passive Cooling

1. Find expressions for the temperatures of first and

fifth sheet

This is a cleaned up version of an “ideal” solu-
tion

Let @, represent heat flow off of a surface, and Q;;
represent the heat flow difference off of two sur-
faces that are facing each other.

The student needs to consider the three types of dif-
ferences below:

Between sun and first sheet:
o I(] 4
Qo1 =€cAo | — -1} (13)
g

which is the net heat flow into sheet 1 from the sun-
side.

Between any two adjacent sheets:
Qq;j = €eAo (T:l — Tj4) s (14)
which is not the net heat flow between the sheets, it

is merely a convenient expression to use later.

Between last sheet and the cold, cruel vacuum of
space:

Q56 = GAO' (T54) s (15)
which is the net heat flow out of the far side of the
last sheet.

From the problem text, the flux emitted by one sheet
and absorbed by an adjacent sheet is

g = aQ;

so that the net heat flow flux out of one sheet ab-
sorbed by the adjacent sheet is

qij = aQij

and the flux ejected into space between two sheets
is

q;j = BQij

This doesn’t affect the marking, but the approximation being
made here is that 8 is the same for all four pairs of adjacent sheets.
This makes the math solvable, and was the explicit assumption
that the students were told to make.

A student will need to recognize that

Qo1 = €Ao (io - T14) (16)
Q2 = €Ao(TV —1TY) 17)
Qo3 = €Ao (T) —TY) (18)
Qsa = €Ao (T5 —T)) (19)
Qs = €Ao (T} —T) (20)
Qss = €Ao(T) 21

can be summed to give

Qo1 + Qi2 + Q23 + Q34 + Qus + Qs6 = €Aly  (22)

A student will need to consider energy balance
across any one sheet:

Qi—1,i = Qii+1 + q;,i+1 (23)

basically stating that the net flow into sheet ; from
sheet ¢ — 1 must equal the net flow out of sheet i to
either sheet 7 + 1 or into space.

Substitute in @Q;;,
aQi—1,; = aQiit1+ BQiit
or
Qi1 = <a + 5) Qi i+1 (24)
a
The relation for sheet 1 is a little different:
qo,1 = Qo,1 = aQr2 + Q12 (25)
and so is the relation for sheet 5:
a5 = Q5.6 (26)

What will eventually matter most is

Oé4

Q5.6 = on,l 27

Now use the recursion of Eq. 24 to sum up the six Q;;
terms in Eq. 22:

kQo,1 = €Aly, (28)
with the constant k£ defined as
h—14 1 n o n a? i a? n at
a4 B (a+B)? (a+B)P (a+B)t (a+p)
(29)

Substitute the expression for @y, back into Eq. 13

and get
e LN _ afdo,,
ﬂ‘\h;(‘k>— ok GO

and the into Eq. 27 and Eq. 15 to get

[0 4 IQ
Ts = — 1
T o+ BV ko (31)
which can also be written elegantly as
a ,/ 1
BearpVe— ™

Marking scheme:

Net flow into sheet 1 Eq 13 0.2 pts

“Net” flow sheeti — j Eq 14 0.2 pts

Net flow out of sheet 5 Eq 15 0.2 pts

Sum to eliminate sheet temps Eq 22 | 0.2 pts

Generic Energy flow Eq 23 0.2 pts
Recursion for Q;; Eq 24 0.2 pts
Sheet 1 Energy flow Eq 25 0.2 pts
Sheet 5 Energy flow Eq 26 0.2 pts
Simplify sum Eq 28 0.2 pts
Find k£ Eq 29 0.2 pts
Final Expression for 77, Eq 30 0.2 pts
Final Expression for T, Eq 31 0.2 pts

sum 2.4 pt
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* In most cases a single mistake in an equation that
is still dimensional correct will get 0.1 pts for the
equation. Making the same mistake multiple times
is not a follow on error, and would be penalized
every time.

* Any equivalent to Eq 14 would get the 0.2 pts.

* Any attempt to balance energy flow on a generic
sheet like Eq 23 that is dimensionally correct and
reasonable given their presentation would get the
0.2 pts

* Since sheet 1 and sheet 5 have a different en-
ergy balance approach, they must show those sep-
arately to get those points.

« It is possible to arrive at Eq 28 based on dimen-
sional analysis alone. A student who writes some
form of Eq 28 without clear justification would get
points for Eq 22 and Eq 28. They could get full
marks for final sheet temperatures if it is consis-
tent; if they did, then they would probably also get
at least partial points for Eq 13 and/or Eq 15. They
would need to introduce one more unknown con-
stant to have defined Q55 = k'Qo:. The maximum
points I would expect with this approach is 1.2 pts.

* kin Eq 29 is allowed a single error for 0.1 pts. Two
errors is no points.

¢ Failing to include the back flux of Eq 14 is only a
penalty on that equation but would be zero points,
as it is a serious error. That means writing the
equivalent of Q;; = eAT} is zero points! The work
after this would have a follow on error that would
need to be traced.

Corrections to some of the above formula

Andres Poldaru, leader from Estonia, pointed out
an inconsistency in part of the Eq. 23 above deriva-
tion. The above equation does reflect the simplified
schematic diagram of energy flow and loss on the
question paper, but does not properly reflect the en-
ergy balance on an individual sheet. It should read,
for sheets 2, 3, and 4, as

Qi1 = Gii+1 + 2BQ;

where B is the physical fraction of energy lost to
space from one side of a sheet, and Q; = eAcT}. A
similar correction would exist for sheet 1 and 5, ex-
cept that the factor of 2 in front of B would be 1, as

Qo1 = qi2 + BQy and ¢u5 = Q56 + BQs

The factor of 2 isn’t the problem, it is instead that it is
now difficult to align the expression for energy loss
to space between sheets with the energy lost to space
of a specific sheet. As such, this approach creates a
much messier solution.

There is no convenient way to solve these corrected
five equations without iterating, which is the moti-
vation for some of our substitutions and approxima-
tions above, or by creating a five by five matrix and
diagonalizing. At least some students attempted to
do it this way.

It does not change Eq. 28, it does change the expres-
sion for the convenient constant in Eq. 29. It also
changes the fifth sheet heat flow, Eq. 27. Because the

variations of what students can cook up while trying
to reconcile difficult physics can be numerous, all of
the possible results are not presented here, as they
depend on what assumptions the students opted to
make.

It does not affect the approach to C.2 or the scoring
of numerical bounds on C.3

Additional Marking Guidance:

* A generic energy flow expression like Eq. 23
that is consistent with what the student has pre-
sented will get 0.2 pts. The energy flow expres-
sion can have one reasonable simplifying assump-
tion/approximation, so long as it does not make it
trivial, for no penalty.

* A recursion relation like Eq. 24 that is consistent
with what the student has presented will get 0.2
pts. The recursion relation can have one reason-
able simplifying assumption/approximation, so
long as it does not make it trivial, for no penalty.
This likely means that the student introduced a
few constants to keep it clean. That’s okay. Er-
rors in the recursion relation that are unsup-
ported by statements of approximation or reason-
able physics, or are just plain bad math, would
have a penalty of -0.1 pts.

* Equations 13 and 15 must be consistent with the
student’s statement of Eq. 23, or they would get a
penalty of -0.1 pts. In short, pick specific approach.

* Eq. 29 must be consistent with the student’s ap-
proach; similarly, the final expressions for 77 and
Ts

* Attempting to write this problem as a matrix but
not being able to solve it is equivalent to writing a
recursion relation for 0.2 pts and simplifying the
sum for 0.2 pts; in theory they have already gotten
much or most of the points above that. Not solving
the matrix, however, will have a maximum score
of 2.2 pts, assuming everything else is there.

* As a reminder, don’t mix and match grading
schemes; follow an approach that is self consis-
tent, and if more than one scoring approach is
valid, select the one that gives the higher score.

Original Solution
Don’t use this, eh?

Start with a statement of net energy flow qo; into the first sheet
from the sun:

qo1 = €A (Io — oT}) (32)
where A is the area of the sheet, ¢ is the emissivity, o is the Stefan-
Boltzman constant, and 7} is the temperature of the first sheet.

Now consider the space between two sheets : and j. Each sheet
radiates an energy flow
eAoT?*

toward the other sheet, but a fraction g is ejected into space out
the gap.

We have defined « as the fraction emitted from one sheet that is
absorbed by the other sheet, so the net energy flow from sheet ;
into sheet j is
o 4 4
Gij = aeAo (TZ — T ) (33)

There is also a lost fraction emitted into space from between the
sheets, given by

q;; = BeAo (T;* — Tj*) = ng‘j (349
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Don’t make the mistake of assuming that a+ 3 = 1, as some of the
energy emitted from a sheet could be reabsorbed by that sheet.

Finally, write an expression for the net thermal radiant energy
flow into space, with an ambient temperature of Tspqce = 0, from
the far side of the fifth sheet.

qss = €A (UTg1 — UTS4) = Aeng (35)

Write each of the Eq. 33, above in the form
1 4 4
Eqij = Aec (T} — T; ), (36)

and then sum up the terms from Eq. 32, the four from Egs. 36, and
Eq. 35:

1
qo1 + . (q12 + q23 + q34 + qa5) + g55 = €Al 37)

as all of the T; terms cancel out on the right!
Now consider a schematic of the energy flow below

! !
Q12 Qa3 ' s

From energy conservation, the net flow into sheet one from the
sun and the net flow out of sheet one toward sheet two or ejected
from gap is

qo1 = q12 + q1a; (38)
where ¢}, is the part emitted into space from the gap.

Combine with Eq. 34 and

qo1 = <1+E)Q12:a+'8
@

Similarly, for the remaining pairs of sheets,

q12 (39)

«

2
(e
q23 = a+ﬂq12 = (Oé'i‘ﬁ) q01,

and
«

a 3
q34 = a+/3q23 = (a+ﬁ> qo1,

and

N )
qa5 = a+ﬁq34_ Oé-‘rﬁ qo1,

Finally, for the fifth (last) sheet all of the net energy flow in from
the fourth sheet must be completely ejected into space on the dark
side.

g5s = qa5 = (%Jrﬁyl qo1- (40)
The sum on the left side of Eq. 37 can then be written as
kgo1 = €Aly (41)
where
k14 1 a a2 a3 a4

+ + + +
at+pf (@+p)?  (a+8)3 (a+p)t  (a+p)?
is a convenient constant.

Combining Eq. 32 with Eq. 41,

611[0 =eA(Ip — O’Tfl)
S0
Iy 1 4 Io
Th=¢—=(1-=)=4{—(k-1 42
! o ( k) ka( ) (42)
From above,

o 4
q5s = Oz+ﬁ qo1-

SO

4
Al
Aech54:( e ) et

a+pB k

a 41y
Ts = — 43
5 a—i—ﬁ\/ko (43)

which can also be written elegantly as

or

1
L Y S
a+pBVk—-1

As this part of the question is complex, with multiple ways to go
wrong, and many opportunities for approximations, the marking
scheme will be necessarily convoluted.

Some expected mistakes:

(a) Failing to account for the back flux of energy. This would
be
Io = 20T}
and then
oaaT{1 = 20T24,

and so on, concluding with
) 4
Ip =0 (7) Ts
e

[e%
T5 = ETl

(b) Inconsistent treatment of emissivity
The most likely error is of the form

or

elp = UT{1

(c) Incorrectly resolving 8 and a.

. Find o and 8

Assuming students grab the hint about effective ab-
sorptive areas, then expect

Area of gap:
Agap = 4h/ Asheet (44)

Area of one sheet A
Assume that the probability of being absorbed by a
sheet is the ratio of effective areas

€ Asheet
a=—" (45)
2€ Asheet + Agap

This result yields o = 0.3.

Assume the probability of ejection is a ratio of effec-
tive areas

A
—_ ‘& (46)
2¢ Agheet + Agap

This result yields g = 0.4.
Marking Scheme:

Gap area Eq 44 0.2 pts
Estimating « Eq 45 0.2 pts
Estimating 5 Eq 46 0.2 pts
Factor of 2 for A in both 0.2 pts
Weighting A by emissivity in both | 0.2 pts
Finding o 0.1 pts
0.25 < o < 0.35 0.1 pts
Finding 3 0.1 pts
0.3<3<0.83 0.1 pts
subtotal 1.4 pt
Find a better 3 0.2 pts
sum 1.6 pt
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* “in both” means that to get the points they must
have used the factor of two and the emissivity both
times; if it is missing from one, they get 0.1 pts for
the equation it is present in.

e Find « and 8 means that it is consistent with own
work.

* Assuming 2a + 8 = 1 with proof would mean they
only need to find either « or 3, and they would get
all of the points upon finding the other one. The
highest possible subtotal score in the case would
be 1.4 pts. Proof can be simple, however, like say-
ing “two sheets, equal probability of being trans-
mitted or absorbed into the other.”

* Assuming 2« + 8 ~ 1 without proof would mean
they only need to find either « or 3, and they
would get 2/3 of the points upon finding the other
one. The highest possible subtotal score in the case
would be 1.2 pts.

* Assuming o + 3 ~ 1 stating a “reasonable” proof
would mean they only need to find either « or 3,
and they would get 2/3 of the points upon finding
the other one. The highest possible subtotal score
in the case would be 1.2 pts. Stating “energy con-
servation” is reasonable, though incomplete.

* Assuming a + 8 ~ 1 without any proof would
mean they only need to find either « or 3, and they
would get 1/2 of the points upon finding the other
one. The highest possible subtotal score in the case
would be 1.1 pts.

* Finding o and g means that it is consistent with
own work.

* Read the special note about finding a better 3 be-
low to understand the last 0.2 pts.

Special note

Our assumption is that the rejected heat can be writ-
ten as
gij = PecA (Ti4 — T;l)

This is certainly true, but 8 would be infinite in the
case of T; = T}. It would have been better to write

qij = B'eoc A (T} + T})
which would follow the energy conservation rule

20+ =1ife < 1.

In fact, 5’ is really what the student is finding in the
approach above.

Assuming that the temperatures of adjacent sheets
are related by

T =~T;
then A
1+~
_
ﬂ - ﬂ 1 _ 74
In our case,
4 _ (100K)
77 (400K)
which means
5, 5 10
b=3F=3"3

is the best estimate; in our case, we expect 8 = 0.67.

Any who correctly does this gets those 0.2 pts. If they
make a single mistake, but still end up with

l—a>p>1-2a

they can still get 0.2 pts. If they make two or three
mistakes, but still end up with

l—a>p>1-2a

they can still get 0.1 pts. They only get these points
for an effort to deal with our odd definition, and rec-
ognizing that the back flux is positive for ejection
from the gap. Just writing a different 8 without jus-
tification doesn’t get these “special” points.

In the event that a student derives

5, 5 10
F=3f=3-3°

Then their minimum score for C.3 should be 0.8
pts, then subtract off 0.1 pt for every error in their
derivation if their answer is close. After that, look
back at their work on estimating « or 5 alone, and
add on half points for any success, up to 1.4 pts (or
1.6 pts, if no mistakes). The score they get for C.3
would be the larger of the two scoring approaches.

Original Solution

These might still apply in some cases; the first path
was rewritten above, so not included, and the sec-
ond path assumed reflective sheets at angles, so was
deleted. Choice C is a variation that can yield a cor-
rect value for 3, but it would need to be combined
with some other approach to find «.

Choice C: Estimate the radiant flux from the gap

Assuming that the enclosed volume is a black body in equilib-
rium, which it isn’t, at a temperature equal to a quartic averaging
of the two temperatures: %(Tf + Tf). Then the energy is radiated

out of the area according to
1
Qlost = O'AgE(T;l + T]4)
where A, is the area of the gap, given by

Ag = 4hVA

But energy was entering the region at the rate

Gin = ed A(T} + T;l),

so the fraction lost is

A, 2k
=9 _ =07
P=9a~a

Marking Scheme:
Estimating flux out of gap 0.2 pts
Exact flux into volume 0.2 pts
Correct estimate of gap area | 0.2 pts
Finding 3 0.1 pts
0.65 < 3<0.75 0.1 pts
sum | 0.8pt

The bounds on allowed values for 8 are smaller in this approach,
because there really is only one reasonable answer.

Look back at the full solution to see how to score estimates for «
based on this 3.

Note that this approach has fewer possible points, as the expres-
sion for the flux out of gap makes an assumption that is based on
unchecked physics.

Choice D: Another Approach?
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Surely there will be some creative students who show other ap-
proaches. We will try and expand the marking scheme to recog-
nise these approaches as soon as they occur. A rough guide for
an incomplete approach is

Tentative Marking Scheme:

Relevant correct physics equation, each | 0.2 pts
Reasonable approximation, each 0.1 pts

The maximum possible is still 1.6 pts.

An equation is only relevant if it can be argued that it would lead
to an answer to the question within the bounds of the approach
that they are following. For example, don’t award points for both
counting bounces and effective surfaces, unless each equation
contributes to a unified approach that would lead to the answer.
Find the mostrewarding approach, and award points for thatline
of reasoning.

If a student only finds one of « or 3, then they get 0.2 pts for the
first. The marking scheme assumed they would look for « first,
but they might have looked for 3, and only found that.

Be very careful with mixing and matching approaches!

A student will not get half the points for one approach plus half
the points for another approach if they attempt, but don’t suc-
ceed, with both approaches. They will be awarded the higher of
the two scores, not the sum.

. Numerically determine the temperature of sheet 1
and the temperature of sheet 5.

The solar intensity is I, = 1360 W/m?, the back-
ground temperature of space is 7, = 20K and is neg-
ligible.

Assuming a student does C.1 correctly, and uses 2a -+
B =1, then

B @ (K T5 (K
0.3 0.35 383 120
04 0.3 380 102
0.5 0.25 376 83
06 0.2 373 65
0.7 0.15 369 48

The other bound is « + 8 = 1, in that case:

B a T1EK T5 K
0.3 0.7 370 189
04 0.6 368 165
0.5 0.5 365 140
0.6 04 363 114
0.7 0.3 361 87

The numbers agree well with the theoretical perfor-
mance of 320 K and 90 K. Some of the major differ-
ences are explained by different coatings on differ-
ent surfaces, a temperature and wavelength depen-
dence on emissivity that is designed to reflect visible
light from the sun while radiating infrared on the
sunside of sheet 1, and the sheets are not uniform
temperature.

Marking Scheme:

T, consistent with own formula | 0.1 pts
250K < Ty < 400K 0.1 pts
Ts consistent with own formula | 0.1 pts
45K < Ty < 200K 0.1 pts
sum | 0.4 pt

The grade depends on self consistency with the pre-
vious work, so the numbers must be checked!

Note that here is a case where follow on errors could
be penalized twice; students should recognize that
an answer is not reasonable, as 7} should be on the
order of the temperature of the Earth, and that 75
ought to have shown significant, but not incredible,
cooling.
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Part D: The Cryo-Cooler

1. What state variables change?

(@) In order to force the gas through the plug,
which offers up considerable viscous friction,
P, > P»;itis this pressure difference that is the
source of the force.

(b) Viscous friction is dissipative, and the energy
of moving through the plug is not allowed to
go anywhere else, so the internal energy of the
gas mustincrease as it moves through the plug,
and then U; < Us.

(¢c) Though no heat is gained or lost, this is not a
constant entropy process; that can be seen be-
cause it is an irreversible process. As such, S; <
S2

(d) Since the process of moving across a pressure
gradient imparts kinetic energy to an object, it
is expected that the fluid velocity on the right
will be higher than the left; in fact, we are told
thisis marginally true. Since mass is conserved,
the volume of a mole of gas on the right must
also be higher than the volume of a mole on the
left, and V; < V5.

(e) The correct answer is 7,?75. If this were an
ideal gas, one might expect 77 < Ty since U « T.
But this is not an ideal gas, and U will be a func-
tion of temperature and density. As such, it
is not possible to know the comparative rela-
tion between T; and T». That’s the whole point
of this problem, and the challenge of trying to
make liquid helium.

Marking scheme:

For each correct response \ +0.2 pts
sum | 1.0 pt

Explanations by the students are not needed.

. A mole of gas at P, V;,T1,U; enters the porous plug
from the left, and that mole of gas exits the porous
plug on the other side at P, V5, Ts, Us.

Consider first a control volume approach

The figure below shows the motion of a mole of gas
through the plug; the mole is shown in pink. Gas to
the left of the mole pushes the mole through the plug
with a constant force P, A through a volume V.

Gas Parcel
\ \ \ m
\ \
1
| U
1
! / ]

Porous Plug

The mole of gas moves through the plug to the right
hand side, in the process pushing on the air to the
right of the mole with a constant force P, A, through
a volume V5.
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The work that the surrounding gas in region 1 does
on the gas pushing it into the plug is

Wy =PV,

because the pressure is constant, and the effective
change of volume is V;. Similarly, when the gas en-
ters region 2 it must displace a volume V; of gas that
was already there, so

Wy = —P Vs,
The net work is then

Whet = PAVI — P2 V3 47)

Since there is no heat exchanged,
Uy —Ur =AU = Q+ Wyet = PIVI — BV (48)
which implies
AU =U; — U = PV, — BVs.
Upon rearranging
Us + BVo =Ur + PiVy

and therefore
U+ PV

is a conserved quantity.
Marking scheme:

Compute correct W, 0.1 pts
Compute correct W, 0.1 pts
Write energy law, Eq 48 | 0.2 pts
Show U + PV conserved | 0.2 pts
sum | 0.6 pt

Consider instead a differential approach

Another way to look at this problem is to focus on
a differential sample of gas as it moves through the
plug.

The figure below illustrates this

The total energy of parcel of molar size §m has two
relevant energy terms: the internal energy ¢U and
the bulk kinetic energy 6K. It has a volume V.
These four quantities are extrinsic, but to simplify
notation, we will drop the 4. It’s still there, just in-
visible.

For simplicity’s sake, assume a cylindrical shape to
the parcel, with an end cap area /A and a length
dz. Once again, we will drop the §. There are three
forces that act on the shape, one associated with
pressure on the left end, one associated with pres-
sure on the right end, and frictional force associated
with viscosity against the walls of the container.
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Since this is a parcel of differential length dz, the
net force associated with the pressure difference be-
tween the ends is

dP
_V%
where V is again the volume of the cylinder.

But this force is (mostly) balanced by the viscous
frictional force F, ;s with the walls of the sponge;
these two forces effectively add to zero. In fact, it is
the viscous forces with the wall that cause the pres-
sure gradient across the sponge.

The bulk kinetic energy of the parcel does not
change significantly as it moves through the sponge.
This is seen in that the bulk speed of the gas doesn’t
change significantly as it moves through the sponge.

The problem with this approach is that the system
is not in thermodynamic equilibrium; the process is
not reversible, so it is not possible to attach well de-
fined state variables. This means that

Fends =

dU =TdS — PdV (49)

is not a function that can be integrated; in fact, dS #
0 from the previous part of the problem. Arguing
that VdP = —TdS is rather handwavy, and resolving
this actually requires considering a control volume
approach.

Still, the energy conservation ideas still hold true,
even if thermodynamically poorly defined, so
dU = —PdV —VdP

since the part associated with —VdP doesn’t change
the bulk kinetic energy, and instead dissipates into
internal energy of the gas.

The result is that
dU = —d(PV)
or
U+ PV
is a constant
Marking scheme:

Traditional 6W = —PdV 0.1 pts
Bulk kinetic 6K = —VdP 0.1 pts
Explain where §K goes 0.1 pts
Differential Eq 49 0.1 pts
integrate U + PV constant | 0.1 pts
sum 0.5/0.6 pt

Because of the many subtle traps, this approach will
not get the same number of points as the control vol-
ume approach.

Writing dU = —PdV and integrating to find U + PV
is constant gets only 0.2 pts. This is because there
are several errors: the differential is poorly defined
within the sponge; because the state variables are
poorly defined; P is not a constant; so you can’t ac-
tually integrate it; and the work done in this case is
not correctly computed. Four wrongs don’t make a
right.

3. One can find pressure on this graph by applying

dU =TdS — PdV

and then requiring constant entropy so that dS = 0,

and then o
(), e

which are the negative slopes of the constant en-
tropy curves on a U — V graph.

Another approach to find pressure is to consider a
line of constant U, then

P [0S
T \ov),

Then ou
PV =U- (==
virv oo (X) v

is the conserved quantity.

Now —(9U /9V)s is measured only at the point V4, Uy,
and is the slope of the tangent line to the constant
entropy curve. Following that tangent line back a
distance V takes it to an intercept with the U axis,
and that intercept is then the conserved quantity.

More mathematically, define a function #
H=U+PV

then
U=Hy;, - PV

is the equation of a line,

U=H;+ (aU)
S

o7 Vv 51

2

with the U intercept equal to the conserved H.

An estimate can be made visually, but it is difficult to
be accurate. Try constructing a line from the point
V5 = 0.120, 7> = 7.5 that is tangent to the local isen-
trope, and the result will intercept the U axis. This
result is somewhere around 40. This is shown in
green below.

Int. Energy (kJ/kg)

I Y Y S Y S
0.0800 0.100 0.120

10,0 Vi P
0.000 0.0200 0.0400 0.0600
Volume (m%kg)

Now to improve the result.

Draw a line out from 39 that is tangent to the near-
est isentrope to V2 = 0.100, T, = 7.5; draw another
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line out from 41 that is also tangent to the nearest
isentrope to V5 = 0.100, T, = 7.5. These are shown in
purple below.

Measuring the distance with a ruler, find the frac-
tional distance between the two purple lines to the
point V; = 0.100, 75 = 7.5 along the highlighted green
line. It is about 75% the way from the bottom purple
line. This means that the conserved quantity ought
be 75% the way up on the highlighted blue section
on the graph. A line connecting the two is shown in
green.

This point is about 41 k] /kg. The actual value for the
conserved quantity is U + PV = 40.7KJ/kg.

17

40.0 (S

Int. Energy (kJ/kg)
8
o

20.0

1001+ 1 WA NN N A T T N S T T
0.000 0.00500 0.0100 0.0200 0.0250 0.0300

0.0150
Volume (m?%kg)

Students don’t need to draw every line, as with a
straight edge one can find the tangent that maxi-
mizes the temperature 77 by shifting it around vi-
sually.

Int. Energy (kJ/kg)

200

Line starts from student’s 0.2 pts
Line intercepts an isentrope 0.2 pts
The isentrope matches max 7} 0.2 pts
Stated T; within 0.5K of student’s construction | 0.1 pts
10K < Ty < 12K 0.1 pts
sum 0.8 pt

L -
0.0800 0.100 0.120

Marking scheme:

Pressure formula stated, Eq 50 | 0.2 pts
Tangent intercept concept 0.4 pts
A first estimate for H 0.2 pts
Upper bound for estimate set | 0.2 pts
Lower bound for estimate set | 0.2 pts
Interpolated estimate set 0.2 pts
40.5 < H < 41.0 0.2/0.2 pts
40.2 < H < 41.2 0.1/0.2 pts
sum 1.4 pt

As the task asks for a graphical construction, and it
is not possible to construct an accurate tangent to
the isentrope at 7, = 7.5K based on a single line, stu-
dents must do something to improve or verify the
result, even if it is correct on the first guess. Hence
the upper and lower bound approach and interpo-
lation, or something equivalent.

. Draw a series of radial lines out from the conserved
point that are tangent to lines of constant entropy.
Mark the tangent point. Connect with a smooth
curve; this curve is the set of points U; as a function
of V; that has the conserved quantity. Look for the
maximum temperature intercept.

This happens at about 77 = 11K. If 7 is higher than
this, it would not be possible to cool down to 7y =
7.5K.

. Using the slope of the line from the conserved quan-

tity to the maximum temperature point, compute
the pressure.

Using the results from above,

(41) — (10)

P === (0.0170)

= 1.8 MPa

If they didn’t know to use slope by this point, they
can’t generate an answer. As such, they would al-
ready have received points for the pressure for-
mula, and we only consider the numerical result

P agrees with the slope of the graph | 0.1 pts
1.6 MPa < P, < 2.4MPa 0.1 pts
sum | 0.2 pt






